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ABSTRACT. We study weak solutions to mean curvature flow satisfying Young’s angle condition
for general contact angles a € (0,7). First, we construct BV solutions using the Allen-Cahn
approximation with boundary contact energy as proposed by Owen and Sternberg. Second, we
prove the weak-strong uniqueness and stability for this solution concept. The main ingredient
for both results is a relative energy, which can also be interpreted as a tilt excess.
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1. INTRODUCTION

1.1. Context. The evolution of embedded surfaces by mean curvature flow (MCF) arises in
many physical systems in which surface tension effects are dominant. A typical boundary con-
dition for such surfaces is a prescribed angle at which the surface meets the boundary of a given
container. This angle, called the Young angle, is dictated by the surface tensions, as the surface
meets the boundary at a fixed angle which is energetically optimal. In this work, we propose
and study a weak solution concept to MCF satisfying such a boundary condition, following ideas
introduced by Luckhaus and Sturzenhecker [19] for the whole space setting. As these solutions
are based on functions of bounded variation, we refer to them as BV solutions. We are then
interested in two problems: the construction of BV solutions for MCF with constant contact
angle, in particular using the canonical Allen—-Cahn approximation; and uniqueness properties
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2 SEBASTIAN HENSEL AND TIM LAUX

of such BV solutions, in particular as long as a classical solution to mean curvature flow with
constant contact angle exists.

The free energy to model boundary contact in the phase-field framework of the Allen—Cahn
equation was proposed by Cahn [7]; see (4) below for the precise formula. The behavior of
minimizers in the sharp-interface limit was investigated by Modica [20] in the framework of I'-
convergence. Building on their previous work [14], Kagaya and Tonegawa [15] analyzed critical
points in the sharp-interface limit using the theory of varifolds.

The dynamical model we study here was introduced by Owen and Sternberg [23], who also
carried out formal matched asymptotic expansions. It is simply the L2-gradient flow of Cahn’s
energy on a slow time scale, see (1)—(3) below. Based on the comparison principle and restricting
to the special case of a constant contact angle of 90° (in other words, the case of zero boundary
energy), Katsoulakis, Kossioris and Reitich [16] proved the convergence to the viscosity solution
in a convex container. The assumption on the convexity of the container can in fact be removed;
cf. the works of Barles and Souganidis [5] and Barles and Da Lio [4]. Still in the case of zero
boundary energy, Abels and Moser [1] derived convergence rates before the onset of singularities.
Their proof, however, relies on a spectral gap inequality and a Gronwall argument to make an
asymptotic expansion as in [23] rigorous. The same authors extended this result to contact
angles close to 90° [2]. As their method does not rely on the comparison principle, Moser [22]
was able to generalize the proof to the vectorial Allen—Cahn equation in the case of a transition
between two wells.

Our first main result concerns the construction of BV solutions to mean curvature flow using
the Allen—Cahn equation. Neglecting the effects of boundary contact, Simon and the second au-
thor [18] derived a conditional convergence result for the Allen—-Cahn equation to a BV solution.
Such conditional convergence results are inspired by Luckhaus and Sturzenhecker [19] and have
reemerged in the multiphase setting by Otto and the second author [17]. Here, we generalize the
result [18] to incorporate boundary effects. When neglecting boundary conditions, the energy
convergence can be dropped, see [11]. We would expect that a similar strategy might also work
in the context of the present paper.

Our second main result establishes the weak-strong uniqueness of BV solutions with boundary
contact. Here, we rely on the notion of calibrated flows, which is a generalization of calibrations
to the dynamic setting introduced in our work [8] with Fischer and Simon. More precisely, we
use a generalization of this concept to the case of boundary contact and show that any calibrated
flow is unique in the class of BV solutions. The construction of these calibrations in d = 2 is
carried out by Moser and the first author [13], who use them to adapt the convergence proof of
Fischer, Simon and the second author [9]. We expect that combining ideas from [13] and our
recent work on double bubbles in three dimensions [12] allows to construct these calibrations for
smooth mean curvature flows in the presence of boundary contact also in dimension d = 3.

1.2. Precise setting and assumptions. Let Q C R? be a bounded domain with smooth and
orientable boundary 02, and let T" € (0,00) be a finite time horizon. Following Owen and
Sternberg [23], we consider the following Allen-Cahn problem

1
(1) Opue = Aug — ?W’(ua) in Q x (0,7),
(2) Us = Ug on Q x {t =0},
(3) (vaq - V)ue = %a’(ua) on 992 x (0, 7).

Here, vyq denotes the inward-pointing unit normal along 9€2. The nonlinearities W: R — [0, 00)
and o: R — [0,00) are two (at least) differentiable functions, and we assume W (s) = 0 if and
only if s € {£1}. More precise assumptions on W and o will be given later. Here, W is the
potential energy in the bulk and ¢ is the energy per area on the boundary of the container. For
simplicity, we will focus on the standard double-well potential W (s) = 3(1 — s?)?. We will state
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the precise assumptions on the function o later. The standard example to keep in mind is

0, s < —1,
o(s) =< (s— 33+ 2)cosa, s€[-1,1],
%cosoz, s> 1,

where a € (0, §] is the desired Young’s angle in the sharp-interface limit.

Our proofs are based on the gradient-flow structure of the system (1)—(3). The energy in the
gradient-flow structure, first proposed by Cahn [7], contains a bulk term and a boundary term

(4) Ea(ue):/g<§|Vu5|2+iW(uE))dx—F/aQa(ua)de1.

The metric in the gradient-flow structure is simply the standard L?-metric in the bulk (with a
small prefactor):

(5) (Gute, 1) = /Q c(6u.)2 da.

The small prefactor in the metric simply corresponds to a change of variables in time meaning
that we are considering the gradient flow on a slow time scale. This structure can be read off
the energy-dissipation relation

(6) %Eg(ug) = —/ﬂa(atug)z dx.

This means that the boundary condition (2) results in an additional term in the energy but does
not change the metric.

For later use, we record the I'-limit F of E. due to Modica [20], which states that in the
sharp-interface limit, three surface-energy terms compete against each other:

(7)) E(u) = coH"H (0" {u=1} N Q) + 6, H (0" {u=1} N 0Q) + 6_H (9" {u= — 1} N Q)

foru: Q — {£1} € BV (), and E(u) = +oo otherwise. The associated surface tension constants
co, 6+ and 6_ are given as follows:

(8) P(s) = /51 V2W (s')ds', seR,
(9) co = (1) = (1) = (1) >0,

and
i = 6(£1) >0,
where
(10) 6(s) :=inf{o(s') + |¥(s') —¥(s)]: 8 € R}, se€R.

The structure of & is as follows. The function 7 := 6 o ¢~! is the (lower) 1-Lipschitz envelope
of T:=0coyh

(11) 7 = sup{7 : 7 is 1-Lipschitz and 7 < 7}.

Since 2 is bounded, by replacing u. by —u., we may w.l.o.g. assume 64 > 6_ and by
subtracting the irrelevant constant |, 90 0— dH* ! from E. and E, we may w.l.o.g. assume 6_ = 0.
In particular,

To allow both the phases {u=1} and {u= — 1} of the limit problem to wet the boundary of the
container, we assume

(13) 6’+ < 9.

In particular, there exists an angle o € (0, 5] such that Young’s law holds true, i.e.,

(14) cocosa = o4 = [6].
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Let us state next the precise assumptions on W and ¢ which will be assumed throughout
the rest of the paper. Since our main attention does not lie on the well-studied bulk energy, we
restrict to the standard double-well potential W: R — [0, 00) given by

(A1) Wi(s) = %(1 _ 2, seR.

Regarding the boundary energy density o: R — [0, 00), we consider the following class. In terms
of regularity, o is required to satisfy

(A2) ceCH(R), o >0in(-1,1), suppo’ C [-1,1].

Moreover, there exist an angle o € (0, 5] and a constant x € (0,1— cosa) such that (recall the

definition (8) of ) ’

(A3) (cosa)y <o and o <(1-k)y" on [-1,1].

Last but not least, we require compatibility at the phase values +1 in form of
(A4) o(-1)=0, o(1)=cpcosa.

Let us remark that it holds

(15) 6 = o under the assumptions (A2)-(A4),

so that we indeed recover (12) and (14) under these assumptions. The asserted identity 6 = o
in turn follows from straightforward arguments which we leave to the interested reader.

The rest of the paper is organized as follows. In Section 2, we state the main results of this
paper. The proof of the first main result, the convergence of the Allen—-Cahn equation with
nonlinear Robin boundary condition to mean curvature flow with fixed contact angle, is given
in Section 3. In Section 4, we prove the second main result, which concerns the uniqueness of
mean curvature flow with fixed contact angle.

2. MAIN RESULTS

2.1. Existence of BV solutions to MCF with constant contact angle. We start by
providing the definition of a suitable weak solution concept which is phrased in the language of
sets of finite perimeter.

Definition 1. Let d > 2, consider a finite time horizon T" € (0, 00), and let the angle o € (0, 7]
be given by Young’s law

(16) cocosa = [0].

We say a one-parameter family of open sets A(t) C Q with finite perimeter in R%, t € [0, 77, is
a distributional (or BV') solution to mean curvature flow in Q with constant contact angle o if

1. (Existence of normal velocity) There exists a (H?~1L(0* A(t) N Q))dt-measurable function V'
such that

T
(17) / / V2 dHT Nt < oo
0 * A(t)NQ

and V'(-,t) is the normal speed of 9% A(t) N2 with respect to —v4¢ =
that for almost every T' € (0,T) and all ¢ € C°(Q x [0,7T))

T T
(18) / ¢~ T) dfﬂ—/ ¢(-,0) dw:/ / 3tha:dt+/ / V¢dH .
A(T") A(0) 0 JA({) 0 * A(t)NK

Vxa)

— in the sense
[Vxawl
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2. (Motion law) For almost every T" € (0,T) and any test vector field B € C°(Q x [0, T); R%)
with B - vgq = 0 on 992 x (0,T") it holds

(19)
Tl
o / / Q(Id_VA(t) R Vaw) : VBAH dt
* n

T T
+ 6] / / (Ij—vaa ® vaq) : VBdHLdt = co/ / B vV dHidt.
0 * no 0 * nQ
3. (Optimal energy dissipation rate) We have
T/
(20) AT')) + ¢ / / VA< B(A)
for almost every 7" € (0,T'), where we defined

(21) E(A(t)) == E2xamn—1) = CO/ LdH 4 [6] LdH* L.
*A(t)NQ a* A(t)NON

The first main result of the present contribution is concerned with the existence of distribu-
tional solutions to MCF with constant contact angle in the sense of the previous definition. More
precisely, we show that solutions of the Allen-Cahn problem (1)—(3) converge subsequentially
and conditionally towards such distributional solutions.

Theorem 1. i) Let T € (0,00) be a finite time horizon, d > 2, and let (W, o) at least be subject
to the assumptions (Al) and (A2). Moreover, let a sequence (uz0)e>0 of initial phase fields be
given such that

(22) sup Ee(uz0) < 00,
e>0
(23) sup [|ue ol () < 1,
e>0

and such that there exists a set of finite perimeter A(0) C Q satisfying

(24) Y(us0) = coxa(o) in LY(Q) ase | 0,
(25) Fu(uzp) = B(2xa0)~1) = E(A(0)) ase L0,

where 1 and co are defined in (8) and (9), respectively. Let (uz)e>o denote the associated
sequence of weak solutions to (1)—(3) in the sense of Definition 3 below (cf. Lemma 1 below for
existence and uniqueness).

Then there exists a subsequence € | 0 and a one-parameter family of sets of finite perimeter
A(t) Cc Q, t €[0,T], such that

(26) o= h(ue) = o = b(2xa—1) = coxa  strongly in L'( x (0,T)) as ¢ | 0,

where xa(w,t) = Xa@)(z) for all (v,t) € Q x [0,T]. The evolving indicator function satisfies
x4 € C([0,T]; LY(Q)) ﬂBV(Q x (0,7)).

ii) Suppose in addition that the assumptions (A3) and (A4) on the boundary energy density o
are satisfied, and that we have (with respect to the above subsequence € | 0 and the map xa)

(27) lim | E( ) dt = /E

Then A(t), t € [0,T], is a distributional solution to mean curvature flow in Q with contact
angle a according to Definition 1 above.
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2.2. Weak-strong uniqueness of BV solutions to MCF with constant contact angle.
The second main contribution of the present work is concerned with the question of uniqueness
and stability of BV solutions to MCF with constant contact angle. To this end, we start by
recalling the key ingredient to our approach, namely the notion of a calibrated evolution. This
concept was first introduced in the work [8] in the multiphase setting. In the present work, we
are only concerned with the setting of two phases. However, since we allow for contact of the
interface with the boundary of the container at a fixed angle, additional boundary conditions
have to be encoded. This has already been done in the recent work by Moser and the first
author, cf. [13, Definition 2. For convenience of the reader, we restate the definition.

Definition 2. Let T' € (0,00) be a time horizon, and consider a one-parameter family of
open subsets o7/ (t) C Q, t € [0,7]. Assume that for each ¢ € [0,7], the set </ (t) is of finite
perimeter in R, and that there exists a finite family of H%~ 2—1rectlﬁabl(—:- sets I'c(t) C 092, c € C,
such that the closure of 0%/ (t) is given by 0.47(t) and we have the disjoint decomposmon
04/ (t) = (0" (t)NQ) U (0" (t)NO) U .cc T'c(t). Denoting for ¢ € [0, 7] by x () the indicator
function of &/ (t), we further assume that x(v,t) := x)(z) satisfies x € C([0,T]; LY(R%)) N
BV (R? x (0,T)). Finally, we assume that d;x < |Vx|L(Ute[O’T](ﬁ*Jz/(t)ﬂQ)x{t}).

The one-parameter family <7 (t), ¢t € [0,T], is called a calibrated evolution with respect to the
L2-gradient flow of the interfacial energy (21) if there exists a tuple of maps (£, B,9) (which
then is referred to as an associated boundary adapted gradient flow calibration) satisfying the
following: First, the tuple (&, B, ) is regular in the sense of

(28) ¢ e CH(x[0, T);RY) N ([0, T]; CZ (% RY),

(29) B € C([0,T]; C* (2 RY) n C([0, T); CE(%RY)),
(30) 9 € Cy (%[0, T];[-1,1]) N C(Qx%[0,T]; [-1,1]).
Second, the pair of vector fields (£, B) satisfies the boundary conditions
(31) &(+,t) - voga = cos a, te[0,7],
(32) B(-,t) - vgo = 0, t e 0,7,

with the angle o € (0, 5] being given by Young’s law (16), whereas the weight 9 is subject to
the sign conditions

(33) I(-,t) >0 in the essential exterior of <7(t) within Q, t € [0,T],
(34) 9(-,t) <0 in the essential interior of &7 (t), t € [0, T,

(35) 9(-,t) =0 on " (t)NQ, t €0,T).

Third, the vector field £ satisfies the coercivity conditions

(36) E(t) = Vo (1) on 0"/ (t) N,
(37) 1€](-,t) <1 — cmin{1,dist?(-, 0%/ (t) N Q)} in Q,

whereas the weight 9 is subject to the coercivity condition

(38) min{dist (-, dQ), dist(-, 0*<7 (t) N Q), 1} < C1I|(-, 1) in Q

for some constants ¢ € (0,1) and C' > 0 and all ¢t € [0,T]. Fourth, the tuple (&, B,) is subject
to the approximate evolution equations

(39) |9+ (B-V)E+ (VB)T¢|(-,t) < Cmin{l,dist(-, 0%/ (t) N Q)} in Q,
(40) € (@1 + (B V)OI(,t) < Cmin{1, dist?(, 7/ (7)1} in 0,
(41) |0¢9 + (B - V)I|(-, t) < C1I|(-,t) in Q
for some constant C' > 0 and all ¢ € [0,7]. Finally, it holds

(42) IB- €4V -€|(-,t) < Cmin{1,dist(-, 0~/ (t) N1 Q)} in 0

for some constant C' > 0 and all ¢ € [0,T].
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Given a BV solution and a calibrated evolution with associated boundary adapted gradient
flow calibration, both being defined up to a common finite time horizon T' € (0,00), we then
introduce a relative entropy functional

(43) @ﬁrdEn(A(t)”Q{(t)) = CO/ (1 - VA(t) ' 5(7 t)) de_lv te [07 T]a
I*A(H)NQ
as well as a bulk error functional
(44) Ebuk(A(t)| (1)) ::/ [9|(-,t) dx, t € [0,T].
A A (L)

These two functionals turn out to be suitable measures for the difference between the given
BV solution and the given calibrated evolution since they satisfy stability estimates in the
following form.

Theorem 2. Let d > 2. Consider T € (0,00) and let </(t), t € [0,T], be a calibrated evolution
in the sense of Definition 2. Let A(t), t € [0,T*] where T* € [T, 00), be a distributional solution
to MCF with constant contact angle a in the sense of Definition 1.

For every associated boundary adapted gradient flow calibration (§, B,9), there then ezists a
constant C > 0 depending only on (&, B, such that for almost every T' € (0,T)

T/
(45) Sretin(A(T")] (T")) < Sretrn(A(0)|27(0)) + C ; Eretin (A(1)] 7 (1)) dt,
(46) Ebuk(A(T")] (")) < Ebuc(A(0)|27(0)) + Sretn(A(0)] 7 (0))
T/
+C ; Ebu (A1) (1)) + Ereten (A(t) | (1)) dt.

In particular, as a consequence of applying Gronwall’s lemma to the sum of (45) and (46), we
obtain weak-strong uniqueness in form of

A(0) = /(0) up to a set of zero Lebesque measure
(47) = A(t) = A (t) up to a set of zero Lebesque measure for a.e. t € (0,T).
The previous result is of course conditional in the sense that we assume the existence of
a calibrated evolution. To obtain an unconditional statement in the sense of a usual weak-
strong uniqueness principle, one needs to show that sufficiently regular solutions to MCF with
constant contact angle are calibrated. This part of the story is worked out by Moser and the
first author in [13, Theorem 4] for the planar setting d = 2; however, one strongly expects
that the remaining physically relevant case of d = 3 does not entail any additional conceptual
difficulties. In particular, the required construction is most probably substantially less subtle
than the triple line construction from [12] for a double bubble cluster. Anyway, in combination
with our Theorem 2, the existence result of [13] entails in the planar case weak-strong uniqueness
and quantitative stability of BV solutions to MCF with constant contact angle (with respect to
a class of sufficiently regular solutions, cf. [13, Definition 10] for details).

3. COMPACTNESS AND CONDITIONAL CONVERGENCE

This section is devoted to the proof of Theorem 1. The first subsection outlines the main
steps of the proof and formulates along the way the required intermediate results. Proofs for
these as well as Theorem 1 are postponed to the second and third subsection, respectively.

3.1. Main steps of the proof and intermediate results. As a preliminary for this subsec-
tion, we start making precise what we mean by a weak solution to (1)—(3).

Definition 3. Let T' € (0,00), d > 2, and consider an initial phase field u. o with finite energy
E.[ucp] < co. Let the pair of nonlinearities (W, o) satisfy (A1) and (A2).
A measurable function u.: ©Q x [0,7) — R is henceforth called a weak solution to (1)—(3) if

1. it satisfies u. € HY(0,T; L?(2)) N L>(0, T; HY(Q)NL(Q)),
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2. the initial data is attained in the sense of u.(-,0) = uc o a.e. in Q,
3. and finally for all 77 € (0,7 and all test functions ¢ € C2°(Q x [0,T)) it holds

T T T
(48) / / COpue dadt = —/ / V(- Vu, + C%W’(ug) dxdt — / Clal(us) dH L.
0 Ja 0 Jo € 0o Joa ¢

Existence of weak solutions and further properties of such (e.g., higher regularity) are collected
n [13, Lemma 6, Lemma 7 and Lemma 8]. We summarize these in the following result; for a
proof, one may consult [13, Appendix A].

Lemma 1. In the setting of Definition 3, there always exists a unique weak solution to (1)—(3).
If we in addition assume that

(49) lucpl <1 a.e. in Q,

then the unique weak solution to (1)—(3) is subject to the following additional properties:

1. (Uniform boundedness) The L*°-bound is conserved by the flow in the sense that
(50) luc(-, )| <1 a.e. inQ for all T € [0,T).

2. (Higher regularity and interpretation of boundary condition) We have

(51) u. € L*(0,T; HX(Q)) N C([0,T]; H'(Q)) and Vowu. € L (0, T; L*()).

In particular, the PDE (1) is satisfied pointwise a.e. throughout 2 x (0,T) and the nonlinear
Robin boundary condition (3) holds in form of

(52) — CLI’(ug(-,T'))de*1 —/CAug(-,T’)dx—l—/VC-Vug(-,T’)d:c
a0 € Q Q

for a.e. T' € (0,T) and all test functions ¢ € C(Q).
3. (Energy dissipation identity) For all T" € (0,T) it holds

T/
(53) Ecfus(-, T)] + / / e|Opu. | dedt = E-[ue o).
0 Q

3.1.1. Compactness. With these preliminaries in place, the first step consists of the extraction
of an accumulation point of the sequence (uc)c>o. This is done along the lines of a standard
compactness argument which in turn is based on the well-known Modica—Mortola/Bogomol'nyi-
trick [21, 6]. More precisely, recalling the definition (8) of the function v one defines the map

(54) Ye(x,t) = VY(ue(x,t)) - \/ Nds', (x,t) € Q2 x(0,T).

By the chain rule, (V,0;)Y: = /2W (u:)(V,0¢)us so that thanks to Holder’s inequality, the
assumptions (22) and (23), and the energy dissipation identity (53) one obtains

/ /yvat welda;dt<f</ ng Ue dxdt) </ /syvat u5|2dxdt>

Srosup B (ugp) < 00.

e>0
(As usual, A Sgata B means there exists a constant C' = C(data) > 0 such that A < CB.)
The bound of the previous display entails by a standard compactness argument the following
convergence result (55); for a proof, we refer to the literature (e.g., the I'-convergence result
of Modica [20]). The lower semi-continuity statement (57) follows from [20, Proposition 1.2]
together with the already mentioned Modica—Mortola/Bogomol'nyi-trick. The familiar %—Hé’)lder
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continuity of the volume of the evolving phase, see (58), in turn follows from the following variant
of the previous display

[t - veteiar < va( [ [ iW(ue)dxdt>é< [ 5,8tu€,2dmdt>%

< \/msup E. (UE,O)'

e>0

Lemma 2. In the setting of Theorem 1 i), there exists a subsequence € | 0 and a one-parameter
family of sets of finite perimeter A(t) C Q, t € [0,T], such that

(55) Ve = Yo :=1p(2xa—1) = coxa  strongly in L' (Q x (0,T)) as e | 0,
(56) e — o weakly* in BV (2 x (0,T)) as € | 0,
(57)  esssup E(A(t)) < E(A(0)) ase |0,

te(0,7)

where xa(w,t) 1= xaq)(z) for all (z,t) € Q x [0,T] and cq is the surface tension constant (9).
Moreover, after possibly modifying x4 on a null set of positive times N C (0,T) it holds for all
0<s5,tT

(58) CO/Q IXa@) — Xas)| dr < /2]t — s sup E.(uz).
€

3.1.2. Step 1 in the derivation of the motion law (19): the curvature term. We move on with
discussing the first step towards the verification of the desired motion law (19). To this end,
given a sufficiently regular test vector field B € C}(Qx [0, T); R?) with B-vgq = 0 on 92 x (0,T),
we test (48) with (B V)u. which indeed is an admissible test function due to the regularity (29)
and (51):

/ / e(B - Vus) Vue + (¢(B - V)ue) 1W(u5)da:dt

/ / o' (ug) dH dt = / / V)ue)Opu. dzdt.
0N

We will now rewrite the three left hand side terms from the last display in a form which resembles
the desired structure of the two left hand side terms of (19). We remark that all of the subsequent
computations are justified thanks to the higher regularity (51). First, by means of the chain
rule in form of o/ (u:)(B - V)u:. = (B - V)o(ue), an integration by parts on the boundary of the
container ) and recalling that B is tangential along it, cf. (32), we obtain

1
/ / o' (ue) dH L dt = / / o (us)(Ig—vaq ® vaq) : VB dAHILdt.
o0 5 o0

Relying on the chain rule in form of W'(u.)(B - V)u. = (B - V)W (u.) and integrating by parts
(recall once more that B is tangential along 0f2) also entails

_/OT/Q(5(B-V)u5)€12W’(u5)dxdt:/OT/QiW(ug)(V-B) dxdt.

Exploiting the symmetry of VZ2u., integrating by parts, and using again that B is tangential
along 02 by (32) moreover shows

T T
—/ /€VUE®B:V2u€da¢dt:/ /E|Vu5]2(V-B)dxdt,
o Ja 0o Ja?2

(59)
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from which we in turn infer by the product rule

/ / e(B - Vus) Vue dxdt
T

:/ /92|Vu5|2(V-B)dxdt—/ /QsVus®Vus:Vdedt-
0 0

In summary, we obtain from the previous displays the following version of (59):

1
/ / < |Vu€|2 + —W(u5)>ld —eVu:, ® Vu5> : VB dzdt

/ / o(ue)(Ig—von ® voq) : VBdH" dt = / / ug &gusd:rdt
(9]

In order to take the limit € | 0 on the left hand side of (60), an inspection of the associated
terms immediately shows that one requires at the very least 1nf0rmatlon of the limiting behavior
of the localized energies

(61) E.(u;n) = /Qn(;\VuF—i—iW(u)) dz + /BQ no(u) dH, n € C(Q), u € HY(Q),

(62) E(A;n) := co/ ndH"™ + ¢ cosa/ ndH*t, ne ), Ae BV(R?%{0,1}).
0* ANQ2 0* AN

That the limit of (61) is given by the expected quantity (62) is the content of the following
result.

Lemma 3. Let the assumptions of Theorem 1 ii) be in place; in particular, the energy conver-
gence assumption (27) with respect to the map x 4 and the subsequence € | 0 from the compactness

Lemma 2. Then
T

T
(63) lslig 0 Ee(us('vt)577('vt)) dt :/0 E(A(t);n('7t)) dt
for alln € C(Q x [0,T)).

Hence, taking 7 = V - B as a test function in the convergence (63) and recalling (14) shows

. g € 2 1 g d—1
lim (7|Vu5| + fW(ug))Id : VB dxdt + o(ue)ly: VBAH  dt
o \Jo Jo \2 € 0 Joq

T T
= CO/ / 1,: VB de_ldt + [[5‘]] / / I,: VB de_ldt.
0 * ANQ 0 * ANOY

Admittedly, this is only half of the story for recovering the curvature term on the left hand side
of the desired motion law (19). In order to take the limit in those left hand side terms of (60)
which are quadratic in the dependence on the “normals”, we resort to a freezing argument
which in turn is facilitated by the introduction of the following localized relative entropy type
functionals:

(65)  &x(uin,§) = Ee(um)—/Qn(f'V)(w(U))dw—Agn(cosa)w(U)de‘l,

(64)

(66) E(A;n, €)= E(A;n) — co/ né - Vxa dH — ¢ cosa/ ndH!
oane Vx4l o ANOQ

for all test functions
(67) neC(Q0,00)) and &€ C(QRY) s.t. £ - vyg = cosa along IN.

The two functionals (65) and (66) are particularly suited for a freezing argument in the normals
due to following two observations. First, each of the two functionals can be rewritten as a
perturbation of the corresponding localized energy functionals (61) and (62), respectively, which
is linear — and thus well-suited to weak convergence methods — in the dependence of the data
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¥(u) and x4, respectively. Indeed, we may simply compute based on an integration by parts
and the boundary condition (31) of the test function &

(68) Exusm, €) = Eu(usm) + /Q B(u)(1(T - €) + (€ V) da,

(69) E(Ain, €) = E(A;n) + /A (0(V - €) + (€ V) do.

A direct consequence of these two identities is the following result.

Lemma 4. Let the assumptions of Theorem 1 ii) be in place; in particular, the energy conver-
gence assumption (27) with respect to the map x 4 and the subsequence € | 0 from the compactness

Lemma 2. Then
T

T
(70) lim 55(%(',t);U('at)7§('at)) dt = /0 5(A(t);n('»t)>§('at)) dt

€0 Jo
for alln € C(Qx[0,T);[0,00)) and all ¢ € C(Q2x[0,T];RY) with & - vga = cos a along I x(0,T).
Provided one requires in addition to (67) the global length constraint
(71) €] <1onQ,

the second notable property of the two functionals (65) and (66) is that these are nonnegative
quantities providing a tilt-excess type penalization of the difference in the “normals” £ and

|§E$EZ;§|7 respectively & and VXA At the level of the sharp interface limit, this is easily seen by

IVxal
simply plugging in (62) into (66) as well as exploiting (71) to the effect of
1] Vxa SR Vxa d—1
(72) 60/ U —5‘ dH SCO/ n(1-¢- dHT = E(A;n, ).
oana 2|1Vxal 9% ANQ Vx|

At the level of the phase field approximation, let s € S¥~! be a fixed but arbitrary unit vector.
We then define a unit vector field

73 - {lgg if Vu # 0,
S else.
Note that
(74) v[Vu| = Vu and v|V(¥(u))| = V(¢ (u)).

One then obtains due to another application of the Modica—Mortola/Bogomol’'nyi-trick and the
shortness condition (71) for any finite energy phase field u subject to |u| <1

o< [y (vawu- - 2W(U)>2dx+ [t =€ nv ) e
= [ n(5val + 2ww) do = [ o V) (o) do

hence, together with the lower bound from assumption (A3) and recalling the definitions (61)
and (65)

(75)

(76) 0< /6 o) = (cosa)u(a) A < & usn©),
1 1 2
() o< [ 772<\@|VUI - ﬁﬂW(u)) dr < &.(uin,€).

In particular, for any finite energy phase field u satisfying |u| < 1 we deduce from the condi-
tion (71) and the two bounds (75) and (76)

[ gl = V@l de < [ 9 - 0V d
Q Q
< &(u;n,§).

(78)
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A straightforward argument along the lines of, e.g., [9, Lemma 4] also shows that for all finite
energy phase fields u satisfying |u| < 1

1
(79) [ ngl = elvult do 5 £ (n.g)

Note that the two bounds (76) and (77) simply mean that &;(u;n,§) controls the local lack
of equipartition in the bulk and the boundary energy, respectively (recall again that we needed
the lower bound from assumption (A3) to provide a sign for the latter). Furthermore, since
on one side we may optimize in the choices of the test functions 1 and £ in order to produce
arbitrarily small values for &(A;n,£), and since on the other side the limit relative entropy (69)
controls the asymptotic behavior of its phase field version (68) by Lemma 4, we infer from the
two coercivity estimates (72) and (78) that the functionals (65) and (66) are indeed suitable
candidates for the control of the error introduced by freezing the “normals”.

As it turns out, the above ingredients are unfortunately still not sufficient to pass to the limit
in the left hand side terms of (60) and to identify this limit with the left hand side of (19).
The last missing ingredient consists of post-processing the assumed convergence of the total
energies (27) to individual convergence of the bulk and boundary contributions, respectively.
This is precisely the point of the proof where we now make use of the assumed upper bound
from assumption (A3).

Lemma 5. Let the assumptions of Theorem 1 ii) be in place; in particular, the energy conver-
gence assumption (27) with respect to the map x 4 and the subsequence € | 0 from the compactness
Lemma 2. Then, after possibly passing to another subsequence € | 0, it holds for a.e. t € (0,T),

(80) Ye(-,t) = Yo+, t) = (2xa(-,t)—1) = coxa(-,t) strictly in BV () as e ] 0.

With all of the above ingredients in place, we are now ready to establish the desired conver-
gence of the quadratic terms.

Proposition 6. Let the assumptions of Theorem 1 ii) be in place; in particular, the energy
convergence assumption (27) with respect to the map x4 and the subsequence € | 0 from the
compactness Lemma 2. Then

(81)

T T
liﬁ)l </ / eVues @ Vue : VB dxdt + / / o(ue)vgn @ veqo : VB d?-[dldt>
€ o0
= co/ / B @ vaw 1 VBAH dt + | / / voa ® vpq 1 VB AH dt
" * A(£)NOQ

for all B € C'Cl(Q X [O,T);Rd) with B - vpq =0 on 092 x (0,T).

In summary, we obtain the left hand side of the motion law (19) from the left hand side of
its phase field approximation (60) by means of the convergences (64) and (81) for all test vector
fields B € C}(Q x [0,T);R?) with B - vgq = 0 on 9Q x (0, 7).

3.1.3. Ezistence of a square-integrable normal velocity. The next step of the proof of Theorem 1
is concerned with the construction of a normal velocity for the one-parameter family of inter-
faces 0*A(t) N Q, t € (0,T). This is done by showing that the measure 0;x4 is absolutely
continuous with respect to the product measure £'c(0,T) ®@ (H*'L(9*A(t) N Q))se(o,r)- Once
this is established, the desired normal velocity is then simply encoded in terms of the associated
Radon—Nikodym derivative.

Lemma 7. Let the assumptions of Theorem 1 ii) be in place; in particular, the energy conver-
gence assumption (27) with respect to the map x 4 and the subsequence € | 0 from the compactness
Lemma 2. Then, in the sense of finite Radon measures on Q x (0,T),

(82) dixa < L'0(0,T) @ (HI'(0" A() N Q))reo.1):
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Denoting the associated Radon—Nikodym derivative by V: Q x (0,T) — R, it holds

T T
(83) co/ / VZdHY T dt < lim inf / £|Opuc|? dadt
*A()NQ e}0

for almost every T" € (0,T). Moreover, the evolution equation (18) for the one-parameter family
of phases A(t) C Q, t 6 [0,T7, is satisfied.

3.1.4. Step 2 in the derivation of the motion law (19): the velocity term. The final step in the
proof of Theorem 1 consists of the limit passage in the right hand side term of the approximate
motion law (60) and the identification of the limit with the right hand side of (19). The necessary
ingredients for this task are already provided by the previous two paragraphs.

Proposition 8. Let the assumptions of Theorem 1 ii) be in place; in particular, the energy
convergence assumption (27) with respect to the map xa and the subsequence € | 0 from the
compactness Lemma 2. Then

(84) lim ( / / V)ue) dyue da:dt) = / / B vapV dH dt
€l0 * A(£)NE

for all B € CL(Q x [0,T); RY) with B - vgq =0 on 92 x (0,T).

3.2. Proofs for intermediate results. In this subsection, we provide the proofs for the various
intermediate results collected in the previous subsection.

Proof of Lemma 3. We remark that the following proof works without requiring the identity (15).
In fact, we will only use the inequality ¢ > & which in turn follows immediately from the defi-
nition (10), and the fact that & o ¢~! is 1-Lipschitz, see (11).

By linearity in 7, it is enough to prove the statement for n € [0, 1]. Since by assumption the
total energy (with n = 1) converges, upon replacing n by 1—n it is sufficient to prove the lower

bound
hmmf/ / (\Vu€\2+ —W (ue > dmdt—i—/ / no(u:) dHYdt
a9
200/ / nd?—[dldt+[[&]]/ / ndH*at.
0 JorAr)na 0 JorA)non

To prove (85), we start with Young’s inequality and the trivial inequality o > & to estimate

from below
T e 1 T
/ /n(Vua\z—i-W(ua)) da:dt+/ / no(u:) dHY L dt
0o Jo \2 £ 0o Joo

T T
2/ /77 2W(ug)!Vu5\dxdt+/ / n6(ue) dHI 1 dt
o Ja o Joa

:/OT/QUW%‘dxdt+/OT/8Q77(&Ow_l)we)cmd_ldta

where 1, = 1) o u.. Now (85) follows from (a localized version of) the lower semi-continuity
statement [20, Proposition 1.2] since the function 6ot ~! is 1-Lipschitz. (Recall that we assumed
w.lo.g. 6(—1) =0, so [6] =6(1).) O

Proof of Lemma 4. The asserted convergence (70) of the localized relative entropies is a direct
consequence of the convergence (63) of the localized energies, the representations (68) and (69),
and the compactness (55). O

(85)

Proof of Lemma 5. First, straightforward arguments allow to post-process the assumed conver-
gence (27) of the time-integrated energies to convergence of the individual energies; at least after
passing to another subsequence ¢ | 0:

(86) 151%1 E-(uc.(-,t)) = E(A(t)) for ae.te (0,7T).
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For instance, one may couple the simple argument given in [18, Proof of Lemma 2.11, Step 1]
with the I'-convergence result of [20].

Of course, by passing yet again to another subsequence ¢ | 0, one may also guarantee as a
consequence of the compactness (55) that

(87) V(- t) — coxal-,t) strongly in L'(Q) as e | 0 for a.e. t € (0, 7).

For a proof of the claim (80), it thus suffices to establish convergence of the total variations
(88) / |V (-, 1) do — coHTHO*A(t) N Q) ase |0 for a.e. t € (0,T).
Q

Since the set of times for which (88) holds solely stems from (86) and (87), let us drop for the
rest of the argument the dependence on the time variable in the notation.
Making use of (86) and the Modica—Mortola/Bogomol’'nyi-trick, we may estimate

E(A) = lim E.(u.) > limsup /\Vwaldac—l—/ T o1he dHT
€l0 Q o0

el0

where we again set 7 := goy~!. Adding zero in form of V)| = (1—7'(3.)) |V | +7' (¥ ) [ V¥e |,
relying on the chain rule in form of 7/(¢.)Vi. = V(7(1.)), and using 7 > 0, which follows
immediately from the monotonicity of o in assumption (A2), we then get

B(4) > limsup / V(e — 70 4)| da
elo - Ja

+liminf(/ ]V(To¢€)|d:v—|—/ ro%d%d—l).
el0 Q o0

Since 7(0) = o(»"1(0)) = o(—1) = 0 due to (8) and the first item of assumption (A4), we may
extend 1. by zero from © to R? and thus identify the argument of the liminf in the previous
display as the BV seminorm | - | gy (gay of 70 1. in R<. In particular, by (87), continuity of 7,
and lower semicontinuity of the BV seminorm, we obtain

lm fof ( / V7 0| de + / ™ o1 dH ) = tim inf |7 o vy ) 2 7(coxa) v o)
o0

Moreover, 7(coxa) = 7(co)xa and, by (9) and the second item of assumption (A4), 7(cp) =
7(¢(1)) = o(1) = [6]. Hence,
|7 (coxa)| gy ey = T(c))HTH(O"ANQ) + [6]H (07 AN 0Q)
= (1(co)—co)HI"HI*AN Q) + E(A).

The previous three displays therefore imply

E(A) > lim sup/ |V (e — 7 01b)| da 4 (7(co)—co)HEHO*ANQ) + E(A).
el0

Rearranging terms and recalling 19 = 1¥(2x4—1) = cpxa, which implies g — 70 Yy = (¢o —

7(co))x A, we obtain

limsup/ |V (1he — T ot)e)|dx < / |V (1o — T o 9y)| de,
el0 Q Q

so that due to (87) we infer that ¢, — 7 0 1. — g — 7 0 g strictly in BV (Q2) as € | 0. The
Fleming—Rishel coarea formula then implies that a.e. level-set of 1. — T 0. converges strictly to
the corresponding level-set of g — 7 0 ¢)g. However, since 0 < 7/ < 1 in (0, ¢p) as a consequence
of the second item of assumption (A2) and the upper bound from assumption (A3), it follows
that the map [0,co] € ' — s'—7(s') is bijective, so that by (50) in form of ¢, € [0, ¢o] we also
have that a.e. level-set of 1. converges strictly to the corresponding level-set of cyx4. Hence,
the Fleming-Rishel coarea formula entails the claim (88) and thus (80). O
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Proof of Proposition 6. We claim that for all B € C.([0,7); 02(5 R9)) with B -vsq = 0 on
o0 x (0,7), all n € C([0,T);C*(Q;[0,00))), all ¢& € C([0,T];C*(%RY)) with |¢] < 1 and
€ - vgn = cosa along 9N x (0,7T), and all § € (0,1) it holds

(89)

lim
el0

(Co/ / A ) @ vaw : VBAHI T dt+[6 / / )8in/ag®l/ag VB dH* 1dt>‘
* *A(t)N

STIVB] oo il g ¢ (A;n, &, T) + S E(A(0)),

where we abbreviated

T
(90) E(A;n, &, T) :=/0 E(A(t);n(-1), (1)) dt.

T T
(/ / neVus @ Vue : VB d:z;dt+/ / no(us)ven @ voo : VB d?-ld_ldt>
o0

A localization argument (by means of a suitable partition of unity) together with a subsequent
local optimization of the choice of the vector fields ¢ along the lines of, e.g., [18, Proof of
Theorem 1.2] shows that the asserted convergence (81) is implied by the family of estimates (89).

For a proof of (89), we start estimating (writing v, for the normal defined by (73) with respect
to the choice u = u.)

T
neVue ® Vue : VB dxdt — / / N @ v : VB V| dl‘dt‘
Q 0o Jo

T
< HVBHLOO/ /’nus®1/55\Vu5\2—?7§®1/5\vw5] dadt
0 Q

T T
<198l [ [ eIl = (Vo dode + 9Bl [ [ alv. = €l170.] dad.
0 0

By Hélder’s and Young’s inequality as well as the coercivity estimate (78)

T
[ [ €lvieldre S oThnlan s [ 9y 01+ S0 D)
0

Where the abbreviation &;(ug;n, &, T) is defined analogously to (90 Furthermore, since Vi), =

V2W (ue)Vue: we get ’6|Vu5|2 - |V¢E|| = V| Vue|(VE|Vue| — f’/ (uc)), hence by another

application of Holder’s and Young’s inequality and this time the coercivity estimate (77)

T
/ / 77‘5|Vu5]2 — V|
0 Q

Due to [, [V (-, t)|dz < E-(us(-,t)) and [ e[Vue(-,t)|? dz < 2E.(ue(-, 1)), we may post-process
the previous three displays based on (53), (25) and (70) to the effect of

1
dxdt < 0T||n||pee sup /5\Vu€(-,t)]2dx+é"g(ug;n,f,T).
te(0,T) JQ d

T T
’ / / neVue @ Vue : VB dxdt — / / né @ v : VB |V| dwdt'
(91) 0o Ja 0o Jo

1
STV Bl oo Inll o 55(14; n,§,T) +dE(A(0)).

A similar but even simpler argument based on (57) and (72) also shows

a ) @ vyt VBAHI dt — // n§®VA(t):VBde_1dt’

* A

STVB| oo Il o g E(A;in, &, T) + S E(A(0)).
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Next, by the second item of (74), an integration by parts, decomposing £ into tangential and
normal components, and making use of the boundary condition & - vgn = cos a we obtain

T T
/ /77{@1/5 : VB]Vz/JE\dxdt—i—/ / no(us ) vgn @ voq : VBdH*dt
0 Ja 0 Jon
T T
:/ /n&@qug:Vdedt—i-/ / na(ug)an@waQ:VBd’Hd*ldt
T
= / Vené @ voq : VB AHY dt + / / no(us)van @ v : VB dHILdt
0
/ / Y B)¢) dadt
—/ / n(o(ug) — 1) cosa)uag®uag - VBdH* " dt
a0
/ [ L0 © von)6 @ von s VBt - / [ 0.9 (VBT o
o0

Recall now from standard BV theory that strict convergence in BV (€2) implies convergence of
the (well-defined) traces in L'(9, H4~1L00N); see, e.g., [3, Theorem 3.88]. Hence, by means of
the convergences (55) and (80) as well as the second item of assumption (A4) we deduce

T T
lim </ / né @ ve : VB |V | dxdt + / / no(u:)vgn @ voo : VB d?—ldldt>
0 Q 0 o0

el0

T
= —co/ / n(lg—vaa ® v9a)é @ voq : VB dH L at
* A(H)N6Q

— ¢ / / XawV - (n(VB)T€) dadt.

A further integration by parts in combination with the boundary condition £ - vgn = cosa
upgrades the previous display to

el

T T
lim </ / nf®@v.: VB ‘V¢€| dxdt + / / UU(Ug)VaQ Rryq : VB de_ldt>
0 JO 0 Joo
T T
= / / N @ vagy 1 VBAHdt + ¢ / / né @ vag : VB AR dt
0 *A)NQ 0 * A(£)NON
T
— <0 / / n(Ig—vaa @ ven)€ @ vaq : VB AHI  dt
* A(t)NOQ
T T
@ / / nE @ vaq) s VBAHT dt + [4] / / Moo ® vog : VBAHdt.
0 *A )ﬁQ 0 * ﬂc’)ﬂ

Hence, the desired estimate (89) follows from the previous display and the estimates (91)
and (92). O

Proof of Lemma 7. Let U C Qand V C (0,7) be two open sets, and consider ¢ € C2°(2x(0,T))
such that [¢| < 1 and supp( C U x V. We then estimate exploiting the compactness (55),
the chain rule in form of dyp. = /2W (u.)0iu., Holder’s inequality, the energy dissipation
identity (53) together with the assumption (25), the convergence (63), the convergence of the
trace of ¥. to the trace of coxa due to (80), the continuity of 7 := o o ¢~!, and finally the
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identity 7(co) = o(1) = [o] following from the second item of assumption (A4)

T
co{Orxa,¢) = lim ( - / / Y0¢C dl’dt)
0 0 JO
T 3 >
< (liminf/ /datug]zda:dt) (limsup/ /K]Z (ue dxdt)
el0 0 Q el0

< ﬂE%xA(o))(mgfoup / "B (0516 0P — ( | icPrt)ant) dt)%

T >
= \@Eé(XA(O))<CO/ / K\Zd?‘ldldt) :
0 Joramne

In other words, [9yxa|(U x V) < [£'(0,T) ® (K41 (8* A(t) N Q))te(O,T)’%(U x V') from which
the claim (82) immediately follows. Note however that the L2-estimate (83) for the associated
Radon—Nikodym derivative V' does not follow from the previous estimate since the latter is
suboptimal by a factor of v/2. However, note that by the Modica—Mortola/Bogomol’nyi-trick
and the above arguments

o[ Ly €T =l m [ B R - ([ i) a

>hmsup/ /K\ |Vpe| dadt.

el0

T T
co/ / |§|2d’Hd_1dtzlim/ /|<|2|wg|d;pdt,
0 * A(£)NK el0 Jo Ja

and the argument in favor of [18, Lemma 2.11] ensures

I / [ 1P ) dade =t / Buue( 0516608 = ([ icPr(we) are) at

This in turn allows to estimate in an optimal fashion

3 1
T T . . 2
co/ / Ve dHI L dt < (hminf/ /5|3tug|2dxdt> (Co/ / |C|2d%d_1dt)
0o JorAwnn 0 Jo Ja o Joamne

which implies the L2-estimate (83).

Finally, the evolution equation (18) is an immediate consequence of the very definition of
the Radon—Nikodym derivative V'; at least for compactly supported and smooth test functions
¢ € CX(Q x (0,T)). Since xa € C([0,T]; L(Q)), straightforward approximation arguments
allow to lift this to the required class of test functions ¢ € C°(Q2 x [0, T)). O

Hence,

Proof of Proposition 8. Analogous to the proof of Proposition 6, it suffices to show for all B €

C2([0,T); C((1RY)) with B - vy = 0 on 9Q x (0,T), all n € C*([0,T]; C(£%[0,00))), all £ €

C([0,T]; C(S;RY)) with |€] < 1 and € - vy = cosa along IQ x (0,7, and all 6 € (0, 1) that
lim

/ / Ua 8tugd:vdt—c0/ / nB VA()Vde ldt
(93) =40 “A(H)NQ
ST(B, &)l oo gé"(A;n,f,T) + 6E(A(0)).
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For an argument in favor of (93), we first rewrite by recalling (73) and (74), adding zero twice,
and exploiting the chain rule in form of 0,1, = \/2W (u.)0su.

/ / e(B-V) u6 atus dxdt = / /nB — E)Ve|Vue| Vedyue dadt
¥ /0 [ B9 varvud - YD) oo, avd
+ /O ' /Q (B - )0y dadt.

Integrating by parts, taking limits based on (55) and (24), and plugging in n(B - ) as a test
function into the (already established) evolution equation (18) moreover yields

16%1/:/ n(B - &)0ppe dxdt
:gig(—/ [ von(a® ) dodt ~ [ w.0.0)m(B ) >dos)

T
:co/ / n(B- &)V dH dt.
0 *A()NQ

In view of (53), (25) and (79), the arguments from the proof of Proposition 6 together with the
previous two displays ensure
lim

/ / V)ue ) Oyue dudt — cq / / nB-gvcmd—ldt
(94) E\LO *

STNB, &)z g ¢(A;n, & T) + GE(A(0))

Finally, the L2-estimate (83) for V together with (72) implies

. 1
15%1 co/ / — Vag))V dHT ’ ST(B, € poo 55(14;77,5771) + 0E(A(0)).
The previous display upgrades (94) to (93), and thus concludes the proof. O

3.3. Proof of Theorem 1. The first part of Theorem 1 (i.e., the compactness claim) is al-
ready contained in Lemma 2. The assertions from the first item of Definition 1 (Existence of
normal velocity) are a consequence of Lemma 7. The combination of (64), Proposition 6 and
Proposition 8 entail the second item of Definition 1 (Motion law). Finally, the optimal energy
dissipation rate from the third item of Definition 1 follows from (53), (86), (83) and (25). O

4. UNIQUENESS PROPERTIES OF BV SOLUTIONS TO MCF WITH CONSTANT CONTACT ANGLE

In this section, we turn to the question of weak-strong uniqueness for distributional solutions
to MCF with constant contact angle in the sense of Definition 1. To this end, we split the proof
of Theorem 2 into three steps. The first two deal with the derivation of a suitable estimate for
the time evolution of the relative entropy and the bulk error, respectively. We remark that the
derivation of the former solely relies on the boundary conditions (31)-(32) for the pair of vector
fields (¢, B), whereas the derivation of the latter only makes use of the sign conditions (33)-(35)
imposed on the weight ¥). The third step post-processes these estimates to (45), (46) and (47)
by means of the remaining properties of a boundary adapted gradient flow calibration.
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4.1. Quantitative stability of the relative entropy. In the setting of Theorem 2, we claim
that for a.e. T € [0, T

T/
Eretin(A(T") | (T')) +co/ / 5|V (V-&)[2dHat
*A()NQ

T/
+co/ / SIVHB-OF dut -t
*A(t)NQ

T/
(95) < Sretrn(A(0)] 7 (0) +co/ / mQ§|B E+(V - &) dH dt

Tl

- B- —)(V—(V-€)dH"'d

0 [ B a0V (5 )

T/

CO/ / (vaw—E) - (0 +(B - V)EH(VB)TE) dHat
0 JorAp)NQ
Tl

- (O+(B - V)E) dH
T/

- £ —1)(V-B)dH"'d
T/

- CO/O /*A(t)m(VA(t)—'f) ® (Va@—E) : VBdHdt,

where (£, B) are as in Definition 2.

Proof of (95). It essentially follows from Subsection 2.3.3 of the PhD thesis [10] of the first
author that

Eretin(A(T")] (T')) — Eretrn(A(0)]27(0))

Tl
(96) = E(A(T)) — +c0/ / (V-&)(V+ B vy dHdt

Tl
— Cp /
0
Tl
— Cp /
0
T
— C /
0
Tl
— Cp /
0
T/
. /
0 *A(t

— CO/ / (t)—f) & (VA(t) —f) : VB de_ldt.

Id VAl ® VA(t)) VB d?‘[d_ldt
*A(t)N

cos a(lg—vgn @ vsq) : VB dH e
*A(t)No

!

vam—§) - (0§+(B - V)§+(VB)T§) AH Lt

£ (06+(B - V)&) dH  dt

m\q;\m*\m\m\
:l>

Vaw - € — 1)(V - B) dH* tdt

For convenience of the reader, we will reproduce the argument for (96) below. Before that,
however, let us first quickly argue how to deduce (95) from (96). First, plugging in the energy
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dissipation inequality (20) and completing squares three times yields

T/
B(A(T)) — +c0/ / (V-6 (V + B -vap) dHdt

T/
< —cp /
0
T/
— Cp /
0

Tl

< Co/

0
T/

+ o / LBV - oP antar

0 * AN 2

T T
+c0/ / (Wap—E)(V - &) dH® 1dt+co/ / B-§)Vd7-[d_1dt.

T/
" Qiyv (V&P dH 1dt+c0/ / v &)(B - vawy) dH dt
tﬂ *

T/
|V|2de 1dt+c0/ / |v £ dHtat
*A(H)NQ 2 *A(H)NQ 2

fyv (V&2 dH 1dt—CO/T//*

f\v+ B &) dH T at
*A(6)NQ 2

Hne 2

Qv\Qv\Qv\@\

Second, testing (19) with the velocity B, which is indeed admissible thanks to (32), and recalling
Young’s law in form of ¢g cos a = [6] entails

TI
- CO/ / (la—vaw) @vaw) : VB dHItdt
0 * ne

T/
— co/ / cos a(lg—vgn R voq) : VB dH dt
OB

T/
= —co/ / B vawV dHdt.
0 * A(H)NK

Inserting back into (96) the right hand sides of the previous two displays and closely inspecting
the asserted estimate (95) thus concludes the proof. O

Proof of (96). As a side remark, we emphasize that the following argument only relies on using
co(V-€) as a test function in the transport equation (18) of A(t), some generic algebraic manip-
ulations, and several integration by parts, the latter in particular only exploiting the boundary
conditions (31)—(32) and the regularity of (¢, B).

For the derivation of (96), the first important observation is that one may rewrite the relative
entropy (43) in terms of the energy (21) as follows:

Sreln (A1) (1)) = E(A(t)) + co /A(t)(v &) (1) dx

for all ¢ € [0,T]. Indeed, integrating by parts in the second term of the relative entropy (43),
making use in the process of the boundary condition (31), and finally recalling Young’s law in
form of c¢ycosa = [6], one generates the boundary energy contribution in (21) as well as the
second right hand side term of the previous display. One then capitalizes on the previous display
by testing (18) with ¢o(V - §) and integrating by parts to obtain

Grelen(A(T') |/ (T")) = Erelen(A(0)].27(0))

(97) = E(A(T")) — )+ co / T/ / * v &)V dHI Lt

T T’
— ¢ / / Vaq) - 0 AR dE — ¢ / / voq - Oh& dHdt.
0 *A(t)NQ 0 8* A(t)NoQ
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Adding zero several times moreover implies

T’ T
— ¢ / / VA(t)~8tfd7-[d*1dt—co / / Vaq - OrE dH Lt
*A()N 0 * A(t)NOS

T/

= —¢p / / * (8+(B - V)E+(VB)TE) dHILdt
T/

- 60/0 / Voo - (0 + (B~ V)&) dHdt

* A(t)NoQ

T/
+ CD/ / E® VA : VBdH dt
*A(t)NQ

T T
o / / Vawy - (B V)EdH dt + ¢ / / voo - (B - V)EdHI 1 dt
0 JOrAR)NQ 0 * A(t)NON

[ a6 (e (B DB

_l’_

T/
— ¢ /O / £ (0e+(B - V)E) dH Lt
/ voq - (8:6 + (B - V)E) dHI  dt
0

T/
+ao / €@ (Waw—€) : VBAHIdt
o Joaramne

Tl T/
+ co / / Vaw - (B V)EdH dt + ¢ / / voq - (B - V)EdHI 1 dt.
0 *A(t)NQ 0 * A(£)NOQ

By the boundary condition (31), we obviously have vyq - 0:( = 0 along 8Q><[ ]. Applying the
product rule and the boundary conditions (31)—(32) in form of vsq - (B-V){ = =¢ - (B - V)vaq,
and recalling the well-known fact that (V' v50)Tvsg = 0, we get

T/
o[ [ ot @6 B 0
0 * A(t)NoQ
(98) )
= C(]/ / ((Id_VaQ ® U@Q)g) . (B . V)V(‘)Q de_ldt,
0 * A(t)No

Next, making use of the product rule in form of (B - V)¢ =V - (£ ® B) —&(V - B) and adding
zero two times entails

T’ d
co/ / VA(t)-(B-V)gd’Hd_ldt—l—co/ / Voo - (B - V)EdHIdt
*A(t)NQ *A(t)NOQ

Tl T/
—co/ / V- (£® B)dH 1dt+c0/ / Voo - V- (€@ B)dHI tdt
* t)ﬂﬂ * A(t)NON
T’ T
— Co/ / Id VA @ VAt )) VBdHdt — Co/ / dQ(VaQ §)(V-B) dHILdt
* * m
T/ Tl
= / g €= DB e [ o VB
* 0 *A()NQ

We further compute based on an integration by parts, the symmetry relation V- (V- ({® B)) =
V- (V- (B®YE)), reverting the integration by parts, V- (B® &) = (£ - V)B + B(V - £), and the
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boundary condition (32)

T/ T/
CO/ / V- (£®B)dH" ldt+CO/ / Voo - V- (€@ B)dHI 1 dt
*A(lt)mQ * A(t)NOQ
T/
= co/ / V- (B®E))dudt
T/ T
= CO/ / V 5 B VA(t)) dH Lat + Co/ / VA(#) ®E¢:VB de_ldt
* 0 *A(t)NQ

Tl
+ co/ / Voo ® & : VBdAHdt.
* A(H)NOQ
Splitting & = (vaq - §)vea + (Ig—vea ® van )€, exploiting the product rule, the boundary condi-
tion (32) and the symmetry of V% vyq in form of the identity vog @ ((Ig—veq @ vea)€) : VB =
—((Ig—voq @ vaq)§) - (B - V)vaa, we may rewrite

T/
co/ / voq @& : VBAH dt
* A(t)NOQ
T/
(99) = CO/ / (1/39 . f) Voo ®vgn : VB de_ldt
0 * A(H) NI
Tl
- CO/ / ((Ig—voq ® vaa)§) - (B - V)vaq dH ™ dt.
0 * A(t)NOQ

In particular, the combination of (98), (99), and (31) yields

T, T/
- co/ / Voq - (0:€ + (B - V)€) dHLdt + co/ / Voa ® € : VBdHY Ldt
0 * A(t)NON 0 * A(t)NOQ
T/
— ¢ / / (voq - €)(V - B) dH* tdt
0 * A(t)NON

T/
= —co/ / cos a(lg—van @ veq) : VB dH* 1 dt.
* nNo2

Inserting back into (97) the information provided by the previous six displays finally allows to
conclude. O

4.2. Quantitative stability of the bulk error. In the setting of Theorem 2, we claim that
for a.e. T" € [0, T it holds

.
(100)  SulAT)|A(T") = S (A0)]7(0) + /0 /Q (XAt —Xer()O(V - B) dadt

T/
+/0 /Q(XA(t)X,Qf(t))(ﬁtﬁJr(B-V)z?) dzdt

T/

+ / / OB - (va@—€) dHdt
0 o* A(t)NQ
T/

+/ / IV + B - &) dHdt.
0 * A(H)NQ

Proof of (100). In order to compute the time evolution of the bulk error (44), we first note that
thanks to the sign conditions (33)—(34) we simply have

S (D] (1)) = /Q (XAt —Xor ()01 ) .
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Hence, plugging in ¥ as a test function in (18) and using the conditions (35) and Oy <
]Vx]\_(Ute[QT] (0% (£)NQ) x{t}), it follows

T/
i (AT (T)) = G (A(0)](0)) + /0 /Q (XA —Xor 1)) 0e0

Tl
+ / / Vo dHT 1 dt.
0 * A(t)NQ

Adding zero to generate the advective derivative of the weight 1}, appealing to the product rule
in form of (B V)9 = V- (BY) —¥(V - B), and integrating by parts using in particular the
boundary condition (32) for B and again the condition (35), we obtain

i T
/0 /Q(XA(t)_Xd(t))atﬁ dxdt 2/0 /Q(XA(t)—X,pf(t))(atﬁ—i'(B - V)9) dzdt

T/
+ /0 /Q (XA —Xor () O(V - B) ddt

Tl
+/ / I(B - vaw) dHdt.
0 * A(H)NQ

The previous two displays obviously imply the claim. O
4.3. Proof of Theorem 2. We start by mentioning two coercivity properties of the relative

entropy. First, since [¢] <1 due to (37) we consequently have |v ) —E(-, £)[* < 2(1—vaq)-€(- 1))
for all ¢t € [0,7T]. In particular,

1
(101) / ~vam—EC P AR < Samn(A)| (1), te[0,T).
o A(t)
Second, exploiting now the length constraint on ¢ in its sharp form (37), we also infer

(102) /a*mm min{1, dist?(-, 82/ () 1 Q) } dH' <~ Srama A (1)

Noting on one side that [9|(-,¢) < C'min{1,dist(-,0*<7(t) N Q)} for all ¢ € [0,T] due to (35)
and (30), and recalling on the other side the regularity (29) as well as the estimate (41), it thus
follows from (100) by straightforward estimates that

T/
Erurc(A(T)|/ (")) < Goun(A(O)](0)) + € /0 Soanc(A(1)| (1)) dt
.
+ C/O /*A(t)m min{l’diSt('vW)HVA(t)—SI At

T’ -
+C/ / min{1, dist(-, 0/ (t) N Q)}V+(B - )| dH " dt.
0 *A(t)NQ

Hence, as a consequence of Young’s inequality and the coercivity conditions (101)—(102), it holds
for all § € (0,1]

-
Ebu(A(T") ]/ (T")) < S (A(0)]7(0)) + 0(5)/ (Sbulk+Sreirn) (A(H)] (1)) dt
(103) 0

Tl
+5/ / \V+(B - &))? dH dt.
0 *A(H)NQ

Moreover, by an application of Young’s inequality, the regularity (29), the approximate evo-
lution equations (39)—(40), the condition (42), and again the coercivity conditions (101)-(102)
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we obtain for all § € (0, 1] from (95)

T/
Eretmn (A(T") |/ (T")) +co/ / f]V (V- &) dHtat

ADNQ 2

T/
+c0// LviB-opantat
0 *

2
A(t)NQ
(104) -

< Srelen(A(0)|7(0)) + C(6) ; Srelen (A(t)] < (1)) dt

T/
+5/ / V—(V - &2 dH " dt.
0 * A(£)NK

Hence, by an absorption argument we get (45) in the stronger form of

Tl
Eretin(A(T) |7 (T")) +c/ /*A(thW (V-2 dHi e

Tl
1
(105) +co/ / LB oRan
0 *A(DNQ 2

.
< G (A(0)(0)) + C /0 Brotin(A(t)| 7 (1)) dt

for some constants ¢ € (0,1) and C' > 0. Adding (105) to (103) in combination with another
absorption finally entails (46). O
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