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that the solutions converge to a limit two-phase fluid system with surface ten-
sion that couples the mean curvature flow and the Navier—Stokes system. The
main assumptions are that the evolution of the limit system is sufficiently reg-
ular and that the associated evolving interface does not intersect the boundary
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1. INTRODUCTION

1.1. Context. Curvature driven interface evolution is a challenging topic in PDE
theory due to the inherent emergence of topology changes. Indeed, classical de-
scriptions (i.e., via parametrization of the evolving interface) cease to work once
the solution approaches the first time of such a topology change. One popular tool
to describe the dynamics even after these consists of phase-field models, where in-
stead of a sharp interface one considers a diffuse interface layer of finite width (which
is typically small related to a given scaling parameter ¢). In the specific example of
the evolution of two (macroscopically) immiscible fluids in the presence of surface
tension, an associated fundamental phase-field model is the so-called model H cou-
pling Navier—Stokes dynamics with the fourth-order Cahn-Hilliard dynamics. This
model was in fact introduced in [27,33].

Next to obvious PDE questions concerning existence and uniqueness of solutions
to such a phase-field model, another highly relevant and natural question is the
consistency with a sharp interface model. Indeed, by formally taking the limit
€ — 0 one hopes to identify the underlying dynamics in terms of the sharp interface
model under consideration, and therefore to justify the transition to the phase-
field model. Needless to say, for numerical applications apart from qualitative
convergence results also quantitative results in the form of convergence rates in
certain norms are of interest.

In the context of model H (and even for more general models allowing, e.g., a
non-constant density), the formal derivation of the associated sharp interface limit
model by means of asymptotic expansion techniques is performed in [3]. Rigorous
justifications of these arguments are scarce though. For global-in-time convergence
of solutions to model H (or a related model) to a rather weak solution to the sharp
interface limit model (i.e., a concept of varifold solutions), one may consult [4]
(or [11], respectively). Short-time (quantitative) convergence to strong solutions of
the sharp interface limit model is in turn shown in the recent works [6] and [7],
where, however, only the setting of the stationary Stokes operator is treated. At
the time of this writing, the rigorous derivation of convergence rates incorporating
the full Navier—-Stokes dynamics in model H remains an important open problem
in the field.

In the present work, we study instead of model H (or related models) a phase-
field model with fluid mechanical coupling in ambient dimension d € {2,3} which
is based on the second-order Allen—Cahn operator. We further consider the scaling
regime of constant mobility, and with respect to the fluid mechanical modeling we
restrict ourselves to the case of Navier—Stokes dynamics with constant density and
constant viscosity (we refer to Subsection 1.2 for a mathematical formulation of
the model). Phase-field models of such Navier—Stokes/Allen—Cahn type were first
introduced in [36,46]. Formal asymptotic expansions (cf. [1]) suggest that the asso-
ciated sharp-interface limit model is given by a Navier—Stokes two-phase flow with
surface tension, where, as a consequence of the constant mobility assumption, the
interface separating the two fluid phases is not merely transported by the fluids but
is also subject to mean curvature flow (we again refer to Subsection 1.2 for a math-
ematical formulation of the corresponding model). In particular, the mass of each
individual fluid phase is not preserved and the resulting model may be interpreted
as a simplified model for two-phase fluid flow incorporating phase transitions and
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surface tension. For global-in-time existence of weak solutions to the phase-field
model, we refer to [45] (see also [20] for longtime behavior of solutions).

In this setting, the main result of the present work rigorously justifies the for-
mally derived sharp interface limit model in ambient dimension d € {2,3}. Our
convergence result holds true on the time horizon of existence of a (sufficiently
regular) strong solution of the sharp interface limit. We even derive sharp conver-
gence rates in strong norms under the assumption of correspondingly well-prepared
initial data. For precise mathematical statements of these two main results, we
refer to Theorem 1 and Corollary 2 below. We mention that a similar convergence
result was recently established in [2] (cf. also [37]) by a completely different ap-
proach (we provide further comments on the methods later). The results of [2] are,
however, restricted to ambient dimension d = 2, so that our work, to the best of
our knowledge, is the first to rigorously justify the above sharp interface limit in all
physically relevant dimensions. It has to be said, though, that the authors of [2] are
in addition able to treat the regime of different viscosities. Even though we expect
this to be manageable also in the framework of our strategy (without restrictions
on the ambient dimension), this may very well lead to a doubling of the length of
the present paper (cf. the corresponding challenges in [22]). For this reason, we
restrict ourselves to the most basic setting. We finally mention that [5] contains a
preliminary convergence result preceding ours and the one of [2], where the authors
replace the full Navier-Stokes dynamics by the stationary Stokes operator (and
again only in ambient dimension d = 2).

Without coupling to a fluid mechanical system, the rigorous convergence of
phase-field models to sharp interface evolutions is of course an already extensively
studied subject in the literature. For (qualitative and/or quantitative) convergence
of solutions of the Allen-Cahn equation towards various weak or strong notions of
solutions for mean curvature flow, one may consult, e.g., the works [20,21,24,29, 34,
49,52]. For the inclusion of constant contact angles, corresponding results can be
found in [9,10,17,18,28,32,38,39,48,50], whereas (qualitative and/or quantitative)
convergence of solutions of the vectorial Allen—Cahn equation towards evolution
by multiphase mean curvature flow is the subject of [25,43]. The results on the
connection of the Allen—-Cahn equation with mean curvature flow have a fourth-
order analogue, namely, the convergence of solutions of the Cahn—Hilliard equation
towards evolution by Mullins—Sekerka flow as, e.g., shown in [14,19,44] (cf. also the
discussion in [52]). For a corresponding result with disparate mobilities, we refer
to the recent work [41]. Finally, we mention [42] for a scaling limit result modeling
nematic-isotropic phase transitions in the context of Landau—De Gennes theory of
liquid crystals.

In order to establish the above convergence results, a variety of techniques and
frameworks is used depending on the precise goals (i.e., qualitative long-time con-
vergence towards weak solutions of the sharp interface limit model vs. quantitative
convergence towards sufficiently smooth solutions of the sharp interface limit model
until the latter run into their first topology change). In fact, most of the above
works are either based on notions from geometric measure theory (e.g., varifolds
and their first variations), gradient flow techniques in the spirit of [51] (cf. also
[52]), or combining rigorous asymptotic expansions with a stability analysis of the
linearized operator associated with the phase-field model. Especially in the context
of the previously mentioned quantitative convergence results incorporating a fluid
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mechanical coupling, the latter strategy seems to be the only one used so far to the
best of our knowledge.

However, in the recent inspiring work [24], a new approach for the derivation
of convergence rates was introduced and implemented for the simplest setting of
the Allen-Cahn equation posed on the full space RY. This strategy is closest to
the gradient flow perspective in the sense that it first generates a distance mea-
sure for the difference of the phase-field and sharp interface solutions based on the
phase-field energy, and then estimates its time evolution by a Gronwall-type argu-
ment based, amongst other things, on the dissipation structure of the phase-field
model. The method developed in [24] is therefore reminiscent of a well-established
technique to establish (weak-strong) uniqueness of solutions in the context of a vari-
ety of classical continuum mechanics models (e.g., incompressible and compressible
Navier—Stokes flow, or conservation laws): the so-called relative entropy method.
In fact, the work [24] draws motivation from recent results extending the relative
entropy method (and thus weak-strong uniqueness) to problems incorporating geo-
metric evolution. This was first implemented for binormal curvature flow of curves
in R3 in [35], or for Navier-Stokes two-phase flow with surface tension in [22]. Sub-
sequent extensions are able to deal with multiphase mean curvature flow [23] (cf.
also [30]), contact angle problems [28,31], or a novel notion of varifold solutions
for mean curvature flow in the spirit of ideas from De Giorgi [29]. In view of these
developments, it is not surprising that also [24] already led to several follow-up
works in the context of scaling limits for phase-field models, see [25,32,42,47].

In the present work, we continue this story and extend the approach from [24]
to the case of a Navier—Stokes/Allen-Cahn model with constant mobility. We refer
the reader to Section 2 and especially Section 3 for a mathematical account on our
strategy.

1.2. The phase-field model and its sharp interface limit. Let Q C R%, d €
{2,3}, be a bounded domain with orientable and C?-boundary. We then consider
the following most basic Navier—Stokes/Allen—Cahn problem in 2

Ove + (ve - V)ve = Av. = V. = V- (V. @ V) in Qx(0,Ty),  (la)
Vv =0 inQx (0,1, (1b)

Dupe + (ve - V)ge = Ape — W) in0x(0.%), (10
ve(+,0) = v 0 in ©, (1d)

©0e(+,0) = e 0 € [-1,1] in Q, (1e)

(pesv) = (=1,0) on 90 x (0,Ty).  (1f)

Here, W denotes a double-well potential satisfying standard assumptions (see,
e.g., [5]). We fix the associated surface tension constant by

o= [ md

In the sharp interface limit ¢ — 0 one expects to obtain a simplified model for a
two-phase fluid flow with phase transitions, which in our case reads

v+ (v-V)v=Av—Vr in (Q2x(0,7)) \ Z, (2a)
V-v=0 in Ox(0,Ty), (2b)
Ox + (v-V)x = —Hz|Vy] in Qx(0,Ty), (2¢)
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[v] =0, on Z, (2d)
Vx Vx
VY — pld] =X = o Hy I 2
[2V¥¥™y — pId] 2 co I|VX| on Z, (2e)
v(-,0) = v in £, (2f)
x(+0) = xo in €2, (2g)
(x,v) = (0,0) on 00x(0,Ty). (2h)

In the above system, x denotes a time-dependent characteristic function. From now
on, we assume that we are provided with a sufficiently regular solution (x,v) for
the sharp interface limit model (for precise assumptions, we refer to Definition 4
below). In particular, supp|Vx| N (2x][0,7)) shall model a sufficiently regular
interface

= |J Z(t)x{t} (3)

t€[0,Ty)

in space-time associated with an open and sufficiently regular set

Q= |J 20)x{t} cax(,T.).
t€[0,T)

The map ¥ is assumed to be = 1 in Q as well as = 0 in (2x[0,7%)) \ Q4. De-
noting for all ¢ € (0,7Ty) by nz(+,t) the associated unit normal along Z(¢) pointing
inside Q4 (¢), the evolution equation for the interface then translates into (all scalar
geometric quantities are oriented with respect to the normal vector field nz)

Vi=nz-v+ Hr onZ. (4)

Here, Vz(-,t) and Hz(-,t) denote the normal speed and the scalar mean curvature
of the interface Z(t), t € [0,7%). Finally, in order to avoid issues originating from
contact point dynamics, we assume throughout the rest of this work that

QL (t) CQ for all t € [0,T%). (5)

2. MAIN RESULT

The main result of the present work is concerned with a rigorous convergence re-
sult for solutions of the phase-field model (1a)—(1f) (even quantitatively with sharp
convergence rates when starting from well-prepared initial data) towards strong
solutions of the sharp interface limit model (2a)—(2h). As already mentioned in the
introduction, our approach is not based on the strategy of combining rigorous as-
ymptotic expansions with stability estimates for the underlying linearized operator.
In contrast, our results are facilitated by the introduction of two error functionals
which aim to encode the difference between a solution of the phase-field model and
a solution for the expected sharp interface limit. More precisely, directly inspired by
the recent work of Fischer, Laux and Simon [24] on the (quantitative) convergence
of solutions of the Allen—-Cahn equation to classical solutions of mean curvature
flow, we will work on [0, T) with a relative energy

1 2
Elpe, ve|x; v] 5:/ §|’U57v| dx
Q

.. ©)
+ [ SIe + 2wie) —e ([ vaWEIar) do
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as well as with a suitable measure for the difference in the phase indicators

Bualp:h)i= [ feox— [ V() dr

In the above definitions, the vector field £ will be a suitable extension of the unit
normal vector field of the smoothly evolving interface Z whereas ¢ will be a suitable
truncation of the associated signed distance function (for precise assumptions on &
and ¥, we refer to Subsection 3.1 and Subsection 3.3, respectively). Both qualitative
and quantitative convergence then follows from a Gronwall-type stability estimate
for the two error functionals (6) and (7). The precise statement reads as follows.

9] da. (7)

Theorem 1 (Error estimates for general initial data). Let d € {2,3}, let Q C
R? be a bounded domain with orientable and C?-boundary 092, and consider two
finite time horizons 0 < T, < Ty < co. Let € € (0,1) and let (pe,ve) be a weak
solution of the Navier—Stokes/Allen—Cahn system (la)—(1f) with time horizon Ty
and initial data (e 0,ve,0) in the sense of Definition 3. Finally, let (x,v) be a
strong solution for the sharp interface limit model (2a)—(2h) with time horizon T,
and initial data (xo,v0) in the sense of Definition /.

Then, for a.e. T € (0,T) there exists a constant C = C(x,v,T) € (0,00),
a continuous vector field £=£(x, v, T): Qx[0,T] — R?, and a continuous weight
9=0(x,v,T): Qx[0,T] — R such that the relative energy Elpe,ve|x,v] and the
error in the phase indicators Eyol[pe|x] defined by (6) and (7), respectively, satisfy
the estimates

B[z, ve|x, v](t) < €7 (Elpe, ve|x, v](0) + Evailge|x](0)), for a.e. t €[0,T], (8)
Evallpe|X](t) < e (Elpe, velx, v](0) + Evallpe|X](0),  for a.c. t €10,T]. (9)

Based on the straightforward construction of well-prepared initial data for the
phase indicator (see, e.g., [24]), the above theorem leads to a sharp L!-convergence
rate for the phase-field and to a sharp L?-convergence rate for the fluid velocity.

Corollary 2 (Sharp convergence rates for well-prepared initial data). Let the as-
sumptions and notation of Theorem 1 be in place. For well-prepared initial data in
the sense of

E[‘PE» 'U5|X; U](O) + Evol[(psl)(](o) < C(XO)EZa (10)

where C(xo) € (0,00) denotes a constant depending only on the initial geometry of
the strong sharp interface limit solution, it follows that for a.e. T € (0,T.) there
exists a constant C = C(x,v,T) € (0,00) such that

0000 Dl + (o [ v

for a.e. t €10,T].

< Ce%e  (11)
L1(Q)

The proof of Theorem 1 is given in Section 6 and is based on the following
key ingredients. As a preliminary, we provide throughout the remainder of this
section precise definitions for the solution concepts associated with the system of
PDEs (la)—(1f) and (2a)—(2h), respectively. Section 3 introduces the definition
of the two error functionals for which Theorem 1 claims the stability estimates (8)
and (9), respectively. We also collect several important coercivity properties of these
error functionals. These in turn are needed to appropriately estimate preliminary
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bounds for the time evolution of the two error functionals as derived in Section 4
and Section 5, respectively.

Starting point of our journey is the following precise concept of weak solutions
for the phase-field model.

Definition 3 (Weak solutions of the Navier—Stokes/Allen—Cahn system (1a)—(1f)).
Let d € {2,3}, let Q C R? be a bounded domain with orientable and C2-boundary,
and consider a finite time horizon 0 < Ty < co. Let € € (0,1), and consider an
initial velocity field v. o € H'(f2) in combination with an initial order parameter
ve0 € HY(Q) such that ¢. € [~1,1] holds true L%a.e. in Q, V- v, = 0 in the
distributional sense in €2, as well as (pe 0—(—1),v:,0) € H} (2, RxR?).

A pair of measurable maps (¢.,v.): Qx(0,Ty) — RxR? is called a weak solution
of the Navier—Stokes/Allen—Cahn system (1a)—(1f) with time horizon Ty and initial
data (¢e0,ve,0) if the following conditions are satisfied:

i) In terms of regularity, it has to hold

ve € L?(0,To; H' (% RY)) N L™ (0, Tp; L* (4 R)), (12a)
¢ € H'(0,Ty; L*(Q; [—1,1])) N L2 (0, To; H2(1)), (12b)

such that in addition (1f) holds in form of
(@, t)—(=1),v(-, 1)) € Hi(Q,RxR?)  for a.e. t € (0,Tp). (12c)

i) The velocity field v, is a solution of (1a)—(1b) and (1d) in the sense that

/Q 0l 1) i T) de = [ vg-n(,0)de

Q
T T
= / / Ve - Oy dxdt —|—/ / Ve @ Ve : Vndadt (12d)
o Ja o Ja

T T
— / / Ve : Vndadt —|—/ / eV @ Vi, : Vndadt
0 Jo 0 Jo

holds true for a.e. T € (0,Tp) and all n € C°([0, Tp); C°(Q; RY)) with V- = 0,
as well as

(V-0 )(t) =0 (12¢)

for a.e. t € (0,Tp) in the distributional sense in Q.
iii) The order parameter ¢, satisfies (1¢) and (le) in form of

1 .
Oppe + (ve - V)pe = Ape — ?W/(st) a.e. in 2 x (0,7p), (12f)
(-, 1) = e strongly in L*(Q) as t | 0. (12¢g)
iv) Defining for every admissible pair (¢, v) the total energy functional by
1 1
Blipvo)i= [ SloPde+ [ SI96 + 2W(p) da, (121
Q2 Q2 €

sharp energy dissipation is required in form of

T
Blo( )l T+ [ [ 90+ el @rt o )] dad

< Ele.,0, Ve 0]
for a.e. T € (0,Tp).

(12i)



8 SEBASTIAN HENSEL AND YUNING LIU

We conclude this section with a precise concept of strong solutions for the sharp
interface limit model.

Definition 4 (Strong solutions of the sharp interface limit system (2a)—(2h)).
Let d € {2,3}, let Q C R? be a bounded domain with orientable and C2-boundary,
and consider a finite time horizon 0 < T, < co. Consider an initial velocity field vy €
(H{NCH(Q;RY) in combination with an initial phase indicator yo € BV (Q;{0,1})
such that V - vy = 0 pointwise in , the set 4(0) := {xo=1} yields an open
subset of ) consisting of finitely many connected components with Q4 (0) C €, the
associated boundary 92 (0) is orientable and uniformly of class C*, and finally the
following compatibility conditions hold true:

[vo] = 0 on Z(0),
(Idfnz(o) & nI(O))[[VSym”UO . nI(O)]] =0on I(O)

A pair of measurable maps (x,v): 2x(0,T.) — {0,1}xR? is called a strong
solution of the sharp interface limit system (2a)—(2h) with time horizon T, and
initial data (xo,vo) if the following requirements hold true:

i) The fluid velocity v is subject to the regularity
ve H'(0,T,; L*(RY)) N L? (0, Tu; H (9 RY)) (13a)

such that the corresponding boundary condition (2h) as well as the correspond-
ing initial condition (2f) are satisfied in form of

v(-,t) € H} (Q;RY) for a.e. t € (0,7%), (13b)
v(+,t) = vg strongly in L*(Q) as t | 0. (13c¢)
Furthermore, for each T € [0,T) there exists C = C(T') € (0, 00) such that
v e L>®(0,T;CHQRY)), (13d)
with a corresponding bound on the highest-order derivative of the form
VUl Lo x0,m)) < C. (13e)
ii) The velocity field v solves (2a)—(2b) and (2d)—(2¢) in the sense that

/v~T) n(-, )dx—/vg n(-,0) dx
/ /’U atndxdt—/ / (v-V)vdadt (13f)

Vv :V da:dt+c/ /7@7 Vnd|Vx|dt
Ay R B B

holds true for a.e. T € (0,T.) and all n € C°([0, T%); C°(Q; R?)) with V- = 0,
as well as

(V-0)(, 1) =0 (13g)

for a.e. t € (0,T}) in the distributional sense in Q.
iii) Define for every ¢t € (0,7%) the set Q4 (¢) := {x(-,#)=1}. There then exists a
map ¥: Qx[0,T) — Q such that ¥(-,0) = Id, ¥(-,t) € C3-Diffeo(, Q) for
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all t € (0,T%), and Q4 (¢) = ¥(Q4(0),¢) for all ¢ € (0,T). With respect to
regularity in time, we require that for all T' € (0, T) it holds

¥ e C'([0,T); CH (B RY) nC([0,T); C* (4 RY). (13h)

Note that the corresponding initial condition (2g) is thus a consequence of (13h).
Finally, the corresponding boundary condition (2h) is satisfied in form of

QL) CcQ for all t € (0,T%). (13i)

iv) The geometric evolution equation (2c¢) is required to be satisfied in its strong

form given by (4), where the space-time interface T = J;c(o 7.y Z(t)x{t} is
defined by Z(t) := 9Q4(t), t € [0,T%).

In the appendix, we provide some detailed comments on how to obtain such

strong solutions for the sharp interface limit model starting from the work of Abels
and Moser [8].

3. THE RELATIVE ENERGY FUNCTIONAL

3.1. Definition of the relative energy functional. In this subsection, we follow
ideas first developed in [24]. We start by defining the appropriate BV-pendant
of cox at the level of the phase-field model via

Ws(zit)
Ye(z,t) := / V2W (r)dr, (z,t) € Q x (0,Tp). (14)
-1
We then introduce a “unit-normal vector field” n. € S*~! by means of
Ve (-5t) ; .
n.(t) = {W«ps(-,t) if Vipe(£) # 0,

t € (0,To), (15)
S else,

with s € S?~! being a fixed but otherwise arbitrary unit vector. Note that because
of the previous two definitions we always have the relations

n.|Vee| = Vo, and n.|Viy.| = Vi throughout Q x (0,Tp). (16)

We now define a measure for the difference between the phase-field approxima-
tion (¢e,ve) and the classical solution (x,v) for the sharp interface limit model as
follows: for ¢t € (0,7Ty) C (0,Tp) let

Elpe,ve|x, v](t) (17)
! 2 € 2 1
= /5;5}(115_’!1)(',(‘/)’ dl‘+/s;§’v<pa(-’t)| —|—gW(<pE(.’t)) _(g_vwe)(.7t) de.

The vector field £ associated with the strong sharp interface limit solution (x,v) is
yet to be determined. Note already that the above functional has a form reminiscent
of that of a relative entropy. Indeed,

1
E[QDE,UE‘)Q’U] = E[@Eva] - / Ve - U+ / 7‘,U|2 dx — / g ! V'()ZJs dl’, (18)
Q Q2 Q
where we dropped for notational convenience the dependence on the time variable.
Continuing in this fashion, a straightforward computation moreover shows
Elpe, velx, v]

= [ 5=+ [ S(VEIVed =2V ) + [ (=g n)ivi.

(19)
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Ensuring non-negativity of E[pe, ve|x,v] thus motivates |£] < 1 as an absolute
minimal assumption on the vector field &.

The main goal of our approach is to derive a stability estimate on E[pc, ve | X, V]
in terms of the initial distance Ey := E[pe 0, Ve,0]X0, V0] by a Gronwall argument,
cf. the stability estimate (8) in Theorem 1. This in turn necessitates control on the
time evolution of the relative energy. In particular, we will need an appropriate
control on the time evolution of the vector field £&. To this end, it turns out to be
beneficial (mostly for clarity of exposition and efficient organization of terms in the
relative energy inequality) to introduce a second vector field B. One should keep in
mind the following interpretation of the pair (£, B): the vector field £ will represent
a suitable extension of the unit normal vector field nz for the smoothly evolving
sharp interface Z, whereas B shall denote a suitable extension of the associated
normal velocity vector of Z. More precisely, we impose the following conditions on
the pair (£, B) which will turn out to be sufficient.

For every T € [0,T,) there are ¢ = ¢(x,T) € (0,1) and C = C(x,v,T) € (0,00)
such that it holds (employing the convenient notation dist(-,Z) representing the
space-time map Qx[0,7,) 3 (z,t) ~ dist(z, Z(t))):

e (Regularity estimates) In terms of qualitative regularity, it has to hold

¢ € CO([0,T]; L= (;RY)) N L= ([0, T); C2M (4 RY)), (20a)
B e L>([0,T); CO (G RY)), (20b)
with a bound on the corresponding highest-order derivatives in form of
104, V2€, VB)|| o= (ax (0,1)) < C. (20c)
e (Coercivity and consistency) It holds
€] < 1—cmin{dist®(-,T),1} a.e. on 2x[0,T) (20d)
E=nzand V-{=—-Hz on 7. (20e)

e (Approximate transport of £ by B) We have

0:6+ (B V)E+ (VB)T¢| < Cmin{dist(-,Z),1}  a.e. on x[0,7],  (20f)
€+ (0 + B- V)¢| < Cmin{dist®(,Z),1}  a.e. on Qx[0,T].  (20g)

o (Interpretation of B as a normal velocity) It holds
|(B=v) - £+ V - ¢| < Cmin{dist(-,Z),1} a.e. on Qx[0,T], (20h)
€+ (¢ V)B| < Cmin{dist(-,Z),1} a.e. on Qx[0, 7). (201)
3.2. Coercivity properties of the relative energy functional. We collect sev-
eral useful coercivity estimates for E[p., ve|x,v], dropping in the process again for

notational convenience the dependence on the time variable. The proof of these
estimates is provided afterwards.

Lemma 5. Let the assumptions and notation of Subsection 3.1 be in place. First,
the relative energy Epe,ve|x,v] provides control on the error in the fluid velocity
by means of

1
[ 5loe =P do < Blpe.vcly.ol (21)
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Second, it entails a “tilt-excess” type control on the geometry in the form of
[ (=099l da < Bl (22)
Third, one obtains control on the lack of equipartition of energy through
/Q%(\@IV%I—\%\/W)QMSE[%UEIX,U]- (23)

Fourth, for every T € [0,Ty) there exists a constant C = C(x,v,T) € (0,00) such
that for all times in [0,T)] it holds

/‘H5—€|2|V’l/}g|d$+/min{dist2(',I)71}|v1/JE|de'SCE[QOQ’UE‘X/U], (24)
Q Q

/ In. — £|%e| V.| da +/ min{dist?(-,7), 1}e|Vp.|? dz < CE[p.,ve|x,v], (25)
Q Q
as well as finally
/ (min{dist(-,Z),1} + \/1-n. - §)|e| V. |* = |[Vi|| do < CE[pe, ve|x,v]. (26)
Q

Proof. The assertions (22)—(26) are essentially already contained and proved in [24,
Subsection 2.3]. For the sake of completeness, we re-produce the straightforward
argument here.

By (14) and (15), we can write (17) as the sum of three integrals with each
featuring a non-negative integrand:

Bl ooyl = | 50.=0) )] da
+/Q|Vw5(-,t)|—(E'Vwe)("t) de

+ /&:2 %’vwe('vt)f + EW(QDE("t)) B |V¢E("t)|dx'

Using (14) and the chain rule, we can complete the square in the last integral above,
and this proves (21), (22) and (23). The estimate (24) follows from (20d) and (22).
Next, adding zero and employing Young’s inequality in the form of

€ |Vg0€|2 = |V¢e\ + \@|V(p€| (\Elv@€| - % Vv 2W (@8))
1

1 1 ?
< (90l + Je Vil + 3 (V190 - S vaWTaD)

we infer

/(1 —n, e |V | dx
Q

< z/ﬂu 0, €|V d:c+4/Q (ﬁww - 2W<sos>>2 da

(22),(23)

1
NG

< CElpe,ve|x, ], (27)
which then together with 2(1 — n. - ) > |n. — £|? and (20d) leads to (25). Finally

/ min{dist(-, Z), 1}|e| V. |* — |V | da
Q
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(20d) 1
< c/ﬂﬁ—ns-fmwm VEIVeel = VAW (p0)| da

So (26) is a consequence of (27) and the Cauchy—Schwarz inequality. O
3.3. Error in the phase indicators. The second step in the proof consists of
deriving an estimate for the error in the phase indicators . and x based on the
stability estimate for the relative energy E[pe,vc|x,v]. This in turn is done by

means of a stability estimate & la Gronwall (cf. the estimate (9) in Theorem 1) for
an appropriate error functional defined for all ¢ € [0, T) as follows:

Evol[eelx](t) :== /Q ‘wg(-,t) - cox(-,t)Hﬂ(-,t)‘ dz. (28)

Here, ¥: Ox[0,7,) — [~1,1] denotes a (by the velocity field B transported) time-
dependent weight function satisfying the following conditions, which in turn will be
sufficient to derive a stability estimate for Eyo1[ee|x]-

For every T € [0,T) there are ¢ = ¢(x,T) € (0,1) and C = C(x,v,T) € (1,00)
such that it holds (employing again the convenient notation dist(-,Z) representing
the space-time map Qx[0,7.) > (x,t) — dist(x, Z(t))):

e (Regularity estimates) We have
9 € COM(0.T]: L= (@) 1 L (0, 7): O (@) (299)
with a corresponding estimate for the highest-order derivatives in form of
(09, V)| oo (a5 0,1)) < C. (29b)
e (Coercivity and consistency) It holds
cmin{dist(-,7),1} < |9 < C min{dist(-,Z), 1} a.e. on Qx[0, T, (29¢)
as well as for all ¢ € [0, T})

9(-,1) <0 a.e. in the interior of {x(-,t)=1} N Q, (294d)
9(-,t) >0 a.e. in the interior of {x(-,t)=0} N Q. (29¢)

e (Transport equation) Finally, it is required that
|09 + (B - V)Y| < Cmin{dist(-,Z),1} a.e. on 2x[0,7). (29f)

As in the case of the relative energy functional, we conclude the discussion of this
subsection by recording useful coercivity properties of the error functional Eyq[pe|x]
(dropping yet again the dependence on the time variable). More precisely, for every
T € [0,T}) there exists a constant C' = C(x,v,T) € (0,00) such that for all times
in [0, 7] it obviously holds that

/Qmin{dist(~,I), 1Hve — cox| dz < CEyalpe|x]- (30)

More importantly, it holds for all A € (0,1)

C
[ leox—tellve—vlde < 5 (Bualpdx+Elpesvelvl) + 1 [ Vo~ Vo da. (31
Q Q
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Proof of the coercivity estimate (31). Let § = 6(x,T) € (0,1] be the thickness of
the tubular neighborhood Bs(Z(t)) := {z € R¢: dist(x,Z(t)) < &} of Z(¢). For
fixed ¢ € [0,T], we have

/ lcox—elve—v] da
Q\Bs(Z(1))

30)
/ min{dist(-, Z), 1} cox—ve||ve—v| dz

12b

< 5/\/m1n{d1st ), 1} cox—= | ?|ve—v| dz

(30), (21) O
S 5( V01[<)0€|X]+E[<)OE?UE|X’ D

It remains to estimate the integral over Bs(Z(t)), and we shall use the following
elementary inequality

T 2 T
( / g(r)dr) < 2ol [ o) Vo) 070 (@
0 0

Recall that nz(y,t) is the inward normal vector at y € Z(t). By the area formula
and the one-dimensional Gagliardo—Nirenberg—Sobolev inequality,

/ lcox—e[ve—v] da
Bs(Z(t))

)
<c / / lcox—e v —v| (yrnz (y, £)r) drdHo= (y)
() J -6

6
<cf o S8, [ee—el(yrnz (. 0r) ( [ e <y+nz<y,t>r>dr> A ()

I(t) r|<6

(32) N N
é C/I‘(t) ||(Us_v)(y"i_nl'r)H[2,2((76,5);dr) H(Us_v)(y"‘nl'r)||;_Il((76’6);dr)

5
'\//5 Irllcox—e| (y+nzr) dr dH (y).

By Holder’s and Young’s inequalities, the terms in the last step can be controlled
by the right hand side of (31). O

4. ESTIMATE ON THE TIME EVOLUTION OF THE RELATIVE ENERGY

The aim of this section is to derive an estimate representing the key ingredient
for the derivation of the asserted stability estimate (8) for the relative energy.

Proposition 6. Let the assumptions and notation of Theorem 1 be in place,
let (£, B) be a pair of vector fields subject to (20a)—(20c) as well as (20e), and
let the relative energy E[pe,ve|x,v] be given by (17). Define the quantity

1
He 1= —elpe + - W/(pe) in Q% (0,Tp). (33)

(This notation serves as a reminder that H. plays the role of a scalar curvature.)
Then, the following relative energy inequality holds true

E[‘P57U8|X7v](T)



14 SEBASTIAN HENSEL AND YUNING LIU

Elpe, ve| X, V] //leE Vo|? dadt

—/ /Q% W (pe)( ) dxdt
/ | aelte = (@ =) elvi [ dua

/OZ/ e —0) - ((ve —v) - V)vdadt
- [ [ e = =) 9)( - ) dact
.
.
/
.
.
/
gy
/OT
/OT
/OT
-‘r/OT
/OT
-
s

for a.e. T € (0,T,).

B-0v)-£+V- E! |V |? drdt

(=)

<
m

( 6( ve) f|w5|) dxdt
(He + V2W () (V- €)) ((v = B) - (ne = §))Ve|Vipe| dudt

(3 + (B V)E+ (VB)TE) - (n. — &)| Vi | dwdt

Sl

(=)

ZO\S\ZO\D\ZO\:D\D\:D\D\D\D
4/‘!'}

(06 + (B - V)E) | Ve | dadt

<
U:J

- 1’15) ® ( - ns)|vws| dxdt

(V- B)(1 - ¢ n.)| V.| dedt

+

f|v¢s|*7 2W((,05))2d$dt
(n.®n. —E£®E) : VB (e| Ve |> — |V |) dadt

E®E: VB (e|Vee|* — |Vi.|) dudt

Proof. We split the proof into six steps.
Step 1: Time evolution of kinetic energy terms. We claim that

/*| (ve—v)( | dz —/1|v50—v0‘2dm’

Q2

= [ ghet >|2dx—/ oe? dx+/ IR
/ /|V ve—v’ dmdt—/ /vg—v (ve—) V)dedt
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_ /OT/Q€V<P6 (Ve - V)vdadt — /OT -/Q cox((ve—v) - V)(V - &) dzdt

for a.e. T € (0,T,). For a proof of (34), we first observe that by (13f) and the
regularity of the sharp interface limit solution it holds

T T
O:/ /n~(3t+(v~V))vdmdt+/ /Vv:Vndxdt
o Ja o Jo
T
760/ /HIHI~’/]d’Hd71dt
0o Jz

for a.e. T € (0,T,) and all n € C°(Qx[0,T]; RY) with V-7 = 0. Instead of directly
exploiting the information provided by (35), it is convenient to post-process the
curvature term before. More precisely, for any admissible solenoidal test vector
field in (35), it follows from plugging in the second identity of (20e) as well as
integrating by parts that

T T
—co/ /Hznz-nd";‘-[d_ldt:co/ /(V-g)nz~nd7-ld‘1dt
0 s 0 z

T
7/‘/%MWVWWQMM
0o Jo
Hence, (35) updates to

T T
O:/ /n~(6t+(v~V))vdxdt+/ Vo : Vndzdt
o Jao o Ja

—ATA%MWVXVfWMt

for a.e. T € (0,Ty) and all n € C(Qx[0,T];R?) with V-7 = 0. By means of
standard mollification arguments, one may plug in the choice n = v. — v into (36)
resulting in the identity

0= /T/(UE—U) (0 + (v-V))vdadt + /OT/QVU : V(ve—v) dxdt

//cox ) - V)(V - €) dadt

for a.e. T € (0,T.). Next to the previous display, we also trivially have by the
regularity of the sharp interface limit solution as well as the solenoidality of the
velocity fields v, and v, respectively, that

[ 5t DR = [ o
/ /v Opv dxdt = / /v 8tvdxdt—|—/ / (ve - V)vdadt

for a.e. T € (0,Ty). Finally, up to a standard mollification argument one may insert
1 = v as a test vector field in (12d) entailing

[ o) vl 1o~ [ v unde

Q Q
T T

= / / Ve - Opv dadt + / / Ve - (ve - V)vdadt (39)
o Ja 0o Jo

(35)

(36)

(37)

(38)
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T T
— / / Ve : Vodzdt —|—/ / eV ® V. : Vodadt
0o Ja o Ja

for a.e. T' € (0,T}). Hence, adding first (37) to (38) and then subtracting (39) from
the resulting identity produces the claim (34).
Step 2: Time evolution of interfacial energy terms. We next claim that

/’W% DI+ W(%h T)) = (¢ Vo) (-, T) du
,/ f’v905,0|2+7W(g05’0) —(5(.,0),v,¢)570) dx

1
= [ 51V D W e T do = [ S[To +2W (po)de (0)

+/ /*|Ha|2dxdt
// o [Hel? dudt - //vg\[ \f( VW) 4oy
—/0 /Q(Vf)(%'V)wgdxdt—/o /Qatf'vllfgdxdt

for a.e. T € (0,T%). For a proof of (40), we start with an integration by parts which
combined with the fundamental theorem of calculus, the regularity of the phase-
field ., a standard mollifier approximation (w.r.t. the spatial variable) & := 05 *&
for the vector field £ (recall for this the regularity requirements (20a) and (20c)),
the condition (12g), and finally another integration by parts ensures

/(5 Vi) dx—/f Voo da
([0t 1ds - [ (7 ¢.0000)

(41)
= — lim / / (V- 0463 )e ddt — / / V - €)0. dudt
— 00
:/ /8t§-Vw5 dxdt—/ /(V-ﬁ)@ﬂ/}a dxdt.
o Ja 0o Jo
By the chain rule, the condition (12f), and the definition (33), it also follows
H. /2W (¢e)
Bipe = — =V (0, V) 42
1) NG (ve - V)i (42)

Hence, one obtains the claim (40) from plugging in (42) into (41) and adding (in a
self-evident way) several zeros.

Step 3: Exploiting sharp energy dissipation. The combination of the two iden-
tities (34) and (40) from the previous two steps together with the sharp energy
dissipation estimate (12i), the condition (12f), and finally the definition (33) entail

Elpe, ve|x, v)(T)

T
SE[%mx,v](m—/ /\VUE—VU\Qda;dt
0 Q
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_ /T/(vg—v) . ((vg—v) . V)v dxdt

// |H.|? dzdt — //ngV (<) goar

_/0 /QCOX((UE—U)'V)(V-ﬁ)dxdt—A /Q(V'f)(vs'v)wedmdt
_/()T/ng% : (V%~V)vdmdt—/oT/Qat5.v¢€ dadt

T
= Elpe vl el0) = [ [ V0. = Vof? dad (43)
0 Q

T
— / /(UE—U) ((ve=v) - V)vdadt + ResM(T).
0o Jo
The remainder of the proof takes care of suitably rewriting the residual term Res™M).
To this end, we start with an auxiliary result.
Step 4: A well-known identity for the phase-field curvature operator. We claim
that it holds

T
- / / eV. - (Ve - V)ndzdt
o Ja

—/T/Ha(n~na)|v<pg|dxdt—/OT/Q(v.n)WwEMIdt (44)

1 2
/ / (V- n Vel V.| - 7 2W(<ps)) dxdt
for a.e. T € (0,T,) and all n € C(Qx[0, T]; R?). In particular, we record that

/ /EV(,OE (Ve - VIndadt = / /H 1 - ng)| V| dedt (45)

for a.e. T € (0,T,) and all n € C°(Q2x[0, T]; RY) with V-5 = 0.
Indeed, as we may compute by an integration by parts and (16)

T
- / / eVe - (Ve - V)ndzdt
0 Ja

T T
:/ /5A<ps(n'ns)\V<p5\dxdt+/ /5V<,05®17:V2g05dxdt
o Ja o Ja

T T
1
:/ /gAgoE(n-ne)\Vapg\dxdt—/ /f(V~n)5|V<p5|2dxdt
o Jo 0o Ja?2

it follows in combination with completing a square that

T
— / / eVe - (Ve - Vndxdt
0o Ja

T T
1
- / / cAp.(n-n2)|Vige| dedt + / / (V) W (o) it
0o Ja 0o Ja €

@ i~ [ [ -0} (VETel - SovaTD) @



18 SEBASTIAN HENSEL AND YUNING LIU
for a.e. T € (0,7,) and all n € C°(Q2x[0,T]; RY). Further integrating by parts in
the second term on the right hand side of the last display, we obtain the claim (44)

from recalling the definition (33) of H..
Step 5: Exploiting control on the time evolution of &. We next claim that

T

_/ / £+ (0+(B - V))&V | dudt
0o Ja

_/ / VB : (£ —n.)® (& —n.)|Vi.| dodt
0 Q

T
+A A(V'B><1—€-ns>|vw6|dzdt

T 1 1 2
By (Ve - Sovae) ds
T
—/ / (n:®@n. —€®¢) : VB (| V. |> — | VY. |) dadt
o Ja

T
—/ /£®§:VB (e|Vee|® — |V.|) ddt
0o Jo
+ Res®(T)
for a.e. T € (0,T}), where

Res? / /7|H |2dmdt—/ /v §\Hf\[g()dxdt (47)

’/O /QCOX((Us*U)~V)(V.§) dudt

- /T/(v &) ((ve=B) - n.)|Vije | dadt

/ / H.( ) - n.) | V.| dzdt.

For a proof of (46) and (47), we first record that it follows from plugging in n = v
as a test function in (45), which is indeed an admissible choice after a standard
mollification argument, that

/ /€V305~ Ve - V)vdrdt = / /H v-ng)|Vpe| dedt (48)

for a.e. T € (0,T%). The next step in the computation takes care of the term
involving the time derivative of the vector field £&. Adding and subtracting the
anticipated PDE for the time evolution of the vector field &, cf. the left hand side
of (20f), and analogously for the anticipated equation for the time evolution of its
length, cf. the left hand side of (20g), we get making also use of (16)

—/()T/vag-atgda:dt
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/ / O+(B - V)EH(VB)TE) - nc| Ve dadt
+ / ((B- V)¢ +(VB)T€) - n. |V | dudt
Q
/ / O+ (B - V)E+(VB)TE) - (n.—€)| V.| dudt (49)
S RRCRCR

- /T/ VB : @ (§ - ne)| Vi | dudt

/ / V)€)| V.| dadt

for a.e. T € (0,7). We further rewrite the last term in the preceding identity by
repeatedly adding zero and also using that (B-V){ = V- (£ ® B) — (V- B)¢{ as
follows

/ / n. - (B-V)¢)|Vi. | dadt

:/ /(V~B)(1—§-n8)|V¢E|dxdt—/T/(Id—ng®ng):VBVz/)Edxdt

/ / §®B n5|V1/)E|dxdt—/ / n. ®n. : VB |V, |dxdt.
In order to combine the last two terms, we compute based on a standard mollifier
approximation (w.r.t. the spatial variable) & := 0 x £ and By := 0 * B for the

vector fields £ and B, respectively (recall the regularity assumptions (20a)—(20c)),
another integration by parts as well as (16) that

/ [ (V€0 B) i doa
=— lim/ /1/)5 (V- (& ® By)) dadt

k—o0

:7161320/ /% (V- (Br ® &) dadt

:/()T/Q(v.g)B.nevwgdmdt+/0T/Qn€®§:VB|VwE|dxdt.

All in all, feeding back into (49) the previous two displays we consequently obtain

—/()T/vag-atgdxdt

T

- /oT /Q € (O +(B - V))& Ve| dudt
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/T
0
/(;

+/ (V-&)B - n.|Vip|dadt

VB : (£ —n.)® (§—n.)| V| dedt

3
;\@\

+

(1 =& n.)|Vi| dedt

~

=)
ZO

T
/ /Id—n5®n5) VB|Vi.| dudt
0

for a.e. T € (0,T%). Finally appealing to (44) with the admissible choice of the test
vector field n = B (again after a standard mollification argument) in form of

T
—/ /(Id —n.®n.): VB |V, |dzdt
0 Ja

-/ : [ .8 nved (51)

T 1 1 2
" / 7 B3 (VeIve dode - Z2 V)
T
_/ /(ng®n5—§®£) VB (e|V|? — Vi) dadt
0 Q
T
_/ @& VB (e|Vee]® — Vi) dadt
0 Q

for a.e. T € (0,Ty), the claims (46) and (47) therefore follow from the combination
of the identities (48), (50) and (51).
Step 6: Generating dissipation squares. For the final step, we claim that

Res® < —/T/ i‘H€+\/W(V~§)‘2dxdt (52)

[ e lHe - (B0 9elved

- / /(COX —e)((ve —v) - V)(V - §) dudt
0 Q

dacdt

T
—I—/ /|(B—v)-£+V-§|26|V<p5|2dacdt

//|v 52( V2 pe) f|we|>2dwdt

- / | U+ VATV - €) (0= B) - (ne = ) VeIV dat
0 Q

for a.e. T € (0,T%). Indeed, once we established (52) the asserted relative en-
ergy inequality from Proposition 6 is a consequence of collecting the estimates and
identities from (43), (46) and (47), respectively.
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For a proof of (52), we start by spending half of the available interfacial energy
dissipation in form of

/ /*|H|2dxdt—/ /V £H \/Td dt
7/ /7’HE+\/W(V.5)] dzdt (53)

/ /—|H |2d:cdt+/ / v-e( f(%)) dudt.

We proceed by combining the remaining terms. Adding zero, recalling (16), and
integrating by parts (using in the process the solenoidality of the velocity fields)
results in

_/0 /Qcox((v6 —v)-V)(V-§) dacdt—/o /Q(Vf)((ve — B) -n.) |V | dxdt
T
- / /ﬂ<cox—wa>((vs—v>-v)<v~s> dudt (54)
[ [ 0= B) .- ) Ve dwi
0 Q
T
—/ /(V-f)((v—B)-£)|vwaldxdt-
0 Q

Moreover, adding zero as well as spending the remaining half of the available inter-
facial energy dissipation leads to

/ /*|H |2d:cdtf/ /H o= B)-n.) V.| dadt

//25‘H - €)el Vel
+/0 /95‘(3—”)'€I26|V<p5|2dmt
) /OT [ (= B)- (0= ) V] da.

Two simple steps remain until we reach the desired final form (52). The first makes
use of |Vipo| = /2W (p.)|Vpe| which in turn allows to combine

_/ /HE((U_B)'(ns—f))Wsogldxdt
0 Q

T
_/ /(V'f)«“—B)-<n5—5))|vwa|dxdt
0 Q
T
- [ ] G2 VATV ) (0= B (ne = ) VEI Ve der. - (56)

The second consists of collecting the square, adding zero and exploiting the simple
estimate (a + b)? < 2(a? + b?) in form of

/T/ 1|(B—v)-§|28|V<p5|2dxdt+/T/ i|\/W(v-g)|2dgcdt
0 QQ 0 926

da:dt (55)
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+/ /(V-@((B—v)-f)wwgmxdt

/ 1E)elVipe| + v/2W () (V - 5’ dadt
)
/ Q

—|((B=v) - €&+V - €)e|Vp.| ddt + (/2W (p:)—e| Ve |) (V - 5)‘2dxdt
/ v (VL VW iy - VEIVa) dodt

Hence, the combination of (53)—(57) implies the claim (52) and thus concludes the
derivation of the relative energy inequality. (I

/926
_/25
(B

—0v)- £+ V- f’ |V |* drdt (57)

5. TIME EVOLUTION OF THE ERROR IN THE PHASE INDICATORS

Lemma 7. Let the assumptions and notation of Theorem 1 be in place, let (£, B)
be a pair of vector fields subject to (20a) and (20b), respectively, let ¥ be a time-
dependent weight satisfying (29a) as well as (29d)—(29¢), and recall finally the no-
tation (15) and (33). The time evolution of the error in the phase indicators (28)
may then be represented as follows: it holds

Evol|pe|x](T)

vol ()08|X / / - COX atﬁ =+ ( ) ) dxdt

+/ /(wa—cox)ﬁV-dedt

/OT/J9 ) - (0 — )| V| dedt
/OT/ — cox) ((v = v:) - V)I daedt

)

+

S
S
=3

&) (IVe| — el Veoe|?) dadt

+/OT/Q( mwaw—%)ﬁmvmdw‘dt
[ [ o(T 4 D 9 0) (VeI - YD) vy
+/OT/Qz9V €‘WIV</JEI—V\[//§%)2W&

/ / M|ws|(f|we|vf(e>) dudt

for a.e. T € (0,T).
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Proof. First, since for a.e. t € (0,T) we have |p.(+,t)] < 1 L%-a.e. in €, which
in turn is guaranteed by a maximum principle argument and the analogous condi-
tion for the initial phase-field ¢. o, it follows that 1. € [0,¢o] and thus from the
conditions (29d) and (29e) that

BratlipelXI(T) = /Q (e—cox) (. T) 9(, T) dx (58)

for a.e. T € (0,T%). Second, as a consequence of ¥ = 0 along Z, cf. again to

this end (29d) and (29¢), we also observe that it holds cg fOT Jo W0y x dxdt = 0 for
a.e. T € (0,T,). Hence, based on these two properties we may compute by an
application of the fundamental theorem of calculus, the regularity of the phase-
field ., the condition (12g), adding zero, as well as the product rule that

EvolpeX)(T) = Evotlipe|x](0 / / —cox) 040 dadt + / / 90 dudt

= vol SDElX / / —C()X (9#94—( V)’lg) d$dt (59)

_/O /Q(zj)e—cox)v- (BY) d:cdt+/0 /Q(wg—cox)ﬂv-dedt
+ /0 ' /Q DO dwdt

for a.e. T € (0,T). Integrating by parts and exploiting again that ¥ = 0 along Z,
we may upgrade (59) to

BuollelX)(T) = Evatlpe[x])(0 / / c—cox) 00+ (B - V)0)dxdt  (60)

+ /0 /Q(we—cox)ﬁv - Bdzdt
T
+/0 /919(8,51#54-(B - V)tbe) dzdt

for a.e. T € (0,7,). The remainder of the proof takes care of suitably post-
processing the last right hand side term from the previous display incorporating an
advective derivative for the BV -approximation 1. of cox.

To this end, inserting in a first step the identity (42), making use of (16) in a
second step, and finally adding zero yields

T

/ / IOt (B - V)b dadt

/ V). dudt — / / H V2WIPe) % V)ws) dwdt
N

= 8))|Vie| dzdt (61)

I
\\

I((v—ve) - V)i dadt.

OVl dedt— [ [ 9B Y2V 4oy
// [ LA
o



24 SEBASTIAN HENSEL AND YUNING LIU

Note next that we may rewrite

/OT /Q O((v = ve) - V) dadt

T
Z—/ Ve ((v—ve) - V) dadt = / / c—cox) ((v—2e) - V)0 dadt.
0o Ja Q

Indeed, the first equality simply relies on the solenoidality of the velocity fields v,
and v, respectively, in combination with an integration by parts. The second equal-
ity in turn exploits ¥ = 0 along Z which—by the solenoidality of the velocity
fields—allows to smuggle in the same term but with . being replaced by cgx.
Furthermore, adding zero several times entails

// )|V dudt — //19 SEE goat

/ / &) (V| — el Ve |?) dadt (63)

(62)

\[|V<Pa| - — IVe|Vpe| dxdt

/ %)

/Q -+ f(%)( ) (VeIve.| - @) dndt

XL VA (o) 2
\[

/

[ Ve (vaIvied - VELE)Y gyt

o
o
o
I 7

Feeding back (61)—(63) into (60) thus yields the desired result. O

(V- )|Vl Ve - dadt

6. PROOF OF MAIN RESULTS

Proof of Theorem 1. The proof is split into six steps.

Step 1: Construction of the triple (£, B,¥). Fix T € [0,74). Due to the as-
sumed regularity of the evolving geometry underlying the strong solutions (y,v),
cf. item i) of Definition 4, there exists a small scale § = 6(x,T)) € (0, ] such that
the signed distance sz(-,t) to Z(t) as well as the nearest point projection Pr(-,t)
onto Z(t), t € [0,T], are regular in the sense that

sz € (CLCIN GO (Bos(D),  (64)
((z,t) = Pr(z,t) := (z—(szVsz)(z,1),t)) € (C}C.NCC2) (Bas(T)). (65)

We remark in this context that the signed distance is oriented by the requirement
Vsz = nz on Z, and that for every r € (0,1] the associated space-time tubular
neighborhood B,.(Z) of Z is defined by

B/(T):= |J B.(Z(t)x {t}. (66)
t€[0,T]

Due to (13h) and (13i), we may further choose ¢ small enough such that
Bys(Z(t)) ¢ Q forall t € [0,T]. (67)
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Next, let 77: R — [0,1] be a smooth and even profile with supp# C [—1, 1] and
with quadratic decay at the origin in the sense of

cqr? <1 —q(r) < Cpr® for all v € [—1,1], (68)

for some constants 0 < c; < Cj < oco. We further choose a smooth and even
profile 77: R — [0, 1] such that supp# C [-2,2] and

7=1 on[-1,1]. (69)

We then define two quadratic cutoffs
nz(z,t) :==q(sz(z,1)/9), (z,t) € Rx[0,T], (70)
nz(z,t) :==n(sz(z,1)/9), (z,t) € R¥x[0,T). (71)

Note that

suppnz(-,t) C Bs(Z(t)) for all t € [0,T], (72)
supp7iz(-,t) C Bas(Z(t)) for all t € [0, 7], (73)
nr(,t)=1 on Bs(Z(t)) for all t € [0, T]. (74)
With these ingredients in place, we define the vector fields £ and B by means of
£ :=ngVsz on Q% [0,T], (75)
B:= (((vo Pr)-Vsz) — (Asz) o Pr) iz Vsz on Qx[0,7], (76)

where v is the velocity field of the strong solution.

For a construction of a suitable weight 1}, we first fix a smooth and odd map
¥: R — [~1,1] representing a suitable truncation of the (negative of the) identity
in the sense that

J=1on (—o00,—1] and ¥ =—1on [l,0), (77)

9 >01in (=1,0) and 9 <0 in (0,1), (78)

cgr < |9(r)| < Cyr for all r € [—1,1], (79)
for some constants 0 < ¢z < Cy < co. We may then define

¥ :=V(sz/9) on Q x [0,T]. (80)

Step 2: Proof of the conditions (20a)—(20i). The required regularity (20a)—(20c)
is immediate from the definitions (75) and (76) as well as the regularity (13d),
(64) and (65) of the associated building blocks. Furthermore, because of (72), (73)
and (67) it follows that the vector fields £ and B are indeed compactly supported
within Q.

We next note that the coercivity estimate (20d) directly follows from the def-
inition (75) and the lower bound from (68). For a proof of the consistency con-
ditions (20e), £ = nz along Z simply follows from the definition (75) as well as
7(0) = 0 whereas V - { = —Hz along 7 is a consequence of the definition (75),
77(0) = 0 as well as the well-known identity Asy = —Hz along Z.

We proceed with a proof of the (approximate) evolution equations (20f) and (20g).
The argument is based on the claim

(Orsz + (B-V)sz)(-,t) =0 on Bs(Z(t)), t € [0,T]. (81)

Since 0;s7 = —V7 along Z, the identity (81) is indeed valid as a consequence of the
definition (76), the property (74), item 7v) of Definition 4 in form of Vz = (B-V)sz
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along Z, as well as Oys7 = (0ys7) o Pr (the latter following from a straightforward
computation based on differentiating sz o Pr = 0). Note then that (81) together
with the chain rule immediately implies

Oz + (B~ V)nz)(-,t) =0 on Bs(Z(t)), t € [0, T]. (82)

This in turn directly entails (20g) due to the simple observation [£|? = %, which
itself follows from the definition (75). Furthermore, (82) reduces the proof of (20f)
to a proof of

(0,Vsz+(B-V)Vsz+(VB)'Vsz)(-,t) =0 on Bs(Z(t)), t € [0,T]. (83)

However, (83) simply follows from taking the spatial gradient of (81).

We finally note that (20h) and (20i) are straightforward consequences of the
definitions (75) and (76), the regularity of the associated building blocks, as well
as the already established property (20e).

Step 3: Proof of the conditions (29a)—(29f). The regularity requirements (29a)
and (29b) are immediate from the definition (80) and the regularity (64). The
coercivity estimate (29c) as well as the sign conditions (29d)—(29¢) in turn follow
directly from the definition (80) and the properties (77)—(79). Finally, the approx-
imate transport equation (29f) simply results from a combination of (81) and the
chain rule.

Step 4: Derivation of the stability estimates (8) and (9). Applying (21)—(24)
and (20f)—(20g) to the inequality in Proposition 6, we have for a.e. T' € (0,T) that

E[@Ea Ulev U] (T>

T T
< Elpe, velx, 0](0) + C / Blpe, vely, v)(t)dt — / / Vo — Vol dedt
0 0 Q

—/T/ i‘HE+\/2W(<pE)(V-§)‘2dxdt (84)
/ / 28’1{ el V.|| dudt (85)
- / e =02} (0 = ) 9)(V - o (36)
T
+/ (B—v)-£+ V- §| |V |? dedt (87)
0 Q
-/ % (He + VZW (@) (V- ©) ((v — B) - (n. — ©)VEIVie.| dudt  (88)
o Ja V¢
T
/o . (n.®@n. —€®¢) : VB (e| V. |> — | VY. |) dadt (89)
—/0 /Q§®§:VB (e|Vee|® — | V) dadt. (90)

The integral (86) is estimated by (31) with a sufficiently small A > 0. The in-
tegral (87) can be estimated using (20h) and (25). To estimate (88), we first em-
ploy Cauchy—Schwarz’s inequality, followed by Young’s inequality with a sufficiently
small prefactor in order to exploit the sign of (84), and then conclude with (25).



SHARP INTERFACE LIMIT FOR A NAVIER-STOKES/ALLEN-CAHN SYSTEM 27

To estimate (89), we write
n®n.:VB=n.®@(n.—¢§):VB+(£-V)B:-(n.—§{)+{®E: VB

so that we can estimate

In.®@n,: VB—-E®E:VB| < Cy/1—n.-¢&.

Because of this, (89) can be estimated by using (26). Finally, (90) can be bounded
by means of (20i) and (26). All in all,

T
E[sos,uslx,v](T)Jrl/ /|VUE—VU|2dxdt
2 0 Q
T 1 2
+/0 /QQ‘HNL\/QW(%)(V-@’ dadt

+/oT/Q %E‘Hs —(B=v)-©)elVedl|

T
< Elpe, velx, 0)(0) + C / Elpe, velx,0](t) + Buollpe x| (6)dt

dxdt

Regarding the evolution of the bulk error in Lemma 7, similar considerations
based in addition on (25), (26), (29b), (29¢), (29d) and (29f) also lead to

Eyolpe[x|(T)

T
< Evallwe]x](0) + C/O Elpe, velx, v](t) + Evorlspe [x](t)dt

Tri
+/ /7|Vv5—Vv|2d:cdt

/ | 5((@ =0 -vave) - 72) dod

V2W (0:) 2
V-6)) dad.
o LR o) e
The above two inequalities together with Gronwall’s inequality therefore allow to
conclude the proof. O

Proof of Corollary 2. We proceed in two steps.

Step 1: From By -control to L' (Q)-control of the error in the phase indicators.
We claim that for all T € [0,T,) there exists a constant C = C(x,v,T) € (0,00)
such that

HCOX t) — Ye(- ||L1(Q < CEvol[pex|(t) (91)

holds true for all ¢ € [0, T]. For the simple proof based on a slicing argument and an
application of Fubini’s theorem, we refer, e.g., to [24, Proof of Theorem 1, Step 2].

Step 2: Derivation of the sharp convergence rate (11). This now immediately
follows from post-processing the stability estimates (8) and (9) by means of the
bound (91) and the assumption (10). O
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APPENDIX A. WELL-POSEDNESS OF THE SHARP INTERFACE LIMIT MODEL

The goal of this part is to construct a strong solution in the sense of Definition 4.

We consider the following system which is equivalent to (2a)—(2h) (with ¢y = 1):
O+ (v-V)v=Av+Vn in Q(t), (92a)
V-v=0 in Q(t), (92b)
[2Dv — 7 1d] - nz = Hzng on Z(t), (92¢)
[v] =0 on Z(t), (92d)
Vi=nz-v+ Hzg on Z(t). (92¢)

Here Q(t) := Q4 (t) UQ_(t) is the bulk region and Dv := V™ is the symmetric
part of the flow gradient. The major difference of (92) to the system studied in [40]
is that in the latter the interface is purely transported by the fluid velocity, i.e.,
Vr=nz-v.

Proposition 8. Let p > d+2 and Z(0) C Q be a C? closed surface. Assume that

the initial velocity field vy satisfies v € W~ 2/p(Q( 0)) NW)(Q) together with the
following compatibility conditions:

div g = 0 in ©(0), (93)

vo =0 on 09, (94)

[vo] = 0 on Z(0), (95)

70y [V¥™ o - nz] = 0 on Z(0), (96)

where Iz = Id —nzy) ®@ngzyy is the tangential projection. Then there exists T' > 0
such that (92) has a unique solution (v, m,T) with

ve W (0,T; LP(Q)) N L (o, T W2(Q(t)) N W;(Q)) : (972)

meLP (O,T; W;(Q(t))) with /7r(~,t) =0, (97b)
Q

[l ew, »2"7P ). (97¢)

Moreover, the free boundary I = Ue(o,1)Z(t)x{t} is parametrized through the dif-
feomorphism Oy, (z,t): Q0) — Q(t) defined by

On(z,t) :=a+ ¢ (W) W Pro)(z),t)nzy(z) for allz € RY,  (98)

where Pry) is the nearest point projection to I(t), ¢ € C>(R?) satisfies
|VC(s)| <4 in R and ((s) =1 for |s| <1/2, {(s) =0 for|s| > 1, (99)
and h is the height function
he W2 % (J; LP(Z(0))) N LP(J; W~ ? (Z(0))) with hlr_o = 0. (100)

Throughout the next three subsection, we sketch the main ingredients for a proof
of Proposition 8 and thus conclude with the regularity stated in Definition 4.
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A.1. Preliminaries. We will employ the following notation:

Wk(Q) = {8°f € LP(Q),|a| = k}, (101a)
Wy (Q) = {0°f € LP(Q), |a| <k}, (101b)
L7 (Q) = {f eLP(Q),/Qfdxzo}. (101c)

We need elementary results from interpolation theory and maximal regularity the-
ory of parabolic system, see to this end, for instance, [15, Section 4.10] and [16].
For a Banach space (X, |- ||x) and s € (0,1),p > 1, we also recall the Sobolev—
Slobodeckij space W7 (J; X) normed by

||fHW;(J;X) 1= || fllLr:x) + [fls,p < 00, (102)
where J = [0,T] and

[Flopx : (//|f|t_T|ps+l||thd> . (103)

For s € (m,m + 1) with m being a positive integer, we finally define

||f||W;(J;X) = ||f||W1§”(J,X) + |g‘13)7(n[8af]s—'m,p,X~ (104)

Now we state the required interpolation inequalities involving these spaces. We
denote by (FEo, E1)g,p the real interpolation of Banach spaces Ey and E;. For
6 € [0,1] and Banach spaces Xg, X1, we then have

W, (J; Xo) N Ly (J5 X1) = W,y =% (J; (X0, X1),) » (105)

W (J; Xo) N Ly (J5X1) < CY075 (J5(Xo, X1)a,p) » (106)
where the second embedding holds provided 1 — 6 > 1%. In particular,

W, (J; Xo) N Ly (J; X1) <= C° (J; (Xo, X1)1-1/pp) - (107)
We will also rely on the following inequality

s'—s)+L
1l i) < Cowr g T3 ]

provided that 0 < s < s’ < 1,0 < T < 1. Indeed,

[ [0 s

//|t77|ps’s “Ldtdr||f|P

Tp(s —s)—i—l

Ce' (J;X) (108)

<" (J;X)

X Cs ,8,D :X)

for all 0 < s < s’ < 1, and this implies (108).

A.2. The work of Abels and Moser [8]. We shall first reduce (92) to a system
with fixed domains. Assume dist(Z, 9§2) > 46. For h € C?(Z(0) x J) with [hlles, <

24, the Hanzawa transformation (98) is a family of diffeomorphisms

On(-,1): Z(0) — Z(t) and (0) — Q(t).
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Recalling (99), we see that for a fixed t, ©,(-, t) is the identity map on R\ Bs(Z(t));
in particular near 9€2. Moreover det VO, > ¢ > 0 and

VO L, + HV@EIHLft < C(1+hllerzoxn)

with ¢,C > 0 independent of h. For technical reasons, it is simpler to replace
h o Pr(g) in (98) by an extension Eh where

E: Xo =W, /?(Z(0)) = W, (Bs(Z(0))) (109)
with F being a bounded and linear extension operator of class
Eec¥ (W;@*l/p(z(())), Wk (35(1(0)))) , Vke{l,...,4). (110)

Based on this extension operator, we define a modified Hanzawa transform by

y = O (z,1) ::x+§<di3t(x(;z(0))

Let (v, 7) be a solution of (92). We then define the transformed solution by
oz, t) = v(On(x,1),t), 7(z,t) :=7(On(z,1),1), (112)

>(Eh)(x,t)n1(0)(x), vz eRY  (111)

for (z,t) € Q x (0,T). Equivalently for y € €(t), we have
U(yvt) = 6(6}:1(%0715)’ ’/T(y,t) = ﬁ—(éftl(yat)at)' (113)

To identify the system of PDEs satisfied by (¥, 7), we introduce the following no-
tation:

Vhi= (VO )TV, (1142)
Dhy — % (Vv + (V')T), (114Db)
div" & := tr V"o, (114c)
TM(©,7) == 2D"% — 7 1d, (114d)
H" := Hz 0 O, (z,t): Z(0)xJ — R?, (114e)
n" :=nz 0Oy (z,t): I(0)x.J — R (114f)
Then it follows from (114a) and (113) that
(V)6 oy = V*0(@). (115)

Similarly, by (112) we obtain 8,3(z) = (d,v + 9,0, - Vo), 6, (x,)- With these
definitions and formulas, the system (92) can be rewritten as one over a fixed
domain. For simplicity we split it into two parts, one describing the hydrodynamics,
and one for the evolution of the interface:

o+ Vo =divh V' + V"5 + V59,0,  in Q0) x (0,T), (116a)
div" 5 =0 in Q(0) x (0,T), (116b)

[2D"5 — 71d] - n" = H"n" on Z(0) x (0,7), (116¢)
[o] =0 on Z(0) x (0,7), (116d)

U)gn =0 on 092 x (0,7, (116e)

B),_p = vo in €, (116f)
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as well as
Oh=H"+7.-n" on Z(0) x (0,7), (117a)
hli=o =0 on Z(0). (117b)

To state the regularity of solutions to the above system, we finally introduce the
following function spaces:

V, = W (J: LP(Q) N 1P (T WEE(0) N W) (118a)
B, = {17 (12 (00)) ]/er(.,t) 0,
[7] € Wy~ /PE-l/p) (Z(0)x(0,7)}, (118b)
H, = W} (J; Wpl_l/p(I(O))> N L (J; Wg-l/p(z(O))) . (118¢)
Lemma 9. The following embeddings hold true:
V, < C(J;W22/7(Q(0))), (119a)
H, < C (J; W5—3/p(z(o))) < C(J; C2(Z(0))). (119b)

Proof. To compute the interpolation of Sobolev—Slobodeckij spaces we recall

(W (U),wp=(U)), = Wwi(U), s=(1—0)my + Omso, (120)

0,p

where 6§ € (0,1) and U is an open set or a closed compact manifold. We deduce
from (120) that

(W wirw) =W = ), ()
(L), WEW)), = WeTr (). (122)

These combined with the interpolation inequality (107) leads to (119a) and the first
embedding in (119b). Concerning the second embedding in (119b), as p > d + 2
and Z(0) is (d—1)-dimensional, we have 3 — 3 — % > 2. Then the result follows

P
from Morrey’s embedding. ([l

The following result is a simpler version of Abels and Moser [8, Theorem 4.1].

Proposition 10. Let the assumptions of Proposition 8 be in place. Let p > d + 2
and 2 < q¢ < 3 with 1 + % > %. Then there exists T > 0 such that the system
consisting of (116) and (117) has a unique solution with

(0,7, h) € Vg x Py x H,. (123)
We make a comment on the regularity of (7, 7).

Remark 11. According to the regularity of © by (118a) and the embedding (119a),
we must have vo(-) = 9(-,0) € qud/q(Q(O)). If ¢ > 3, then the trace estimate
implies Vg € quﬂ/q((ol(O)) — W;iS/q(I(O)). In order to guarantee that the
restrictions from outer and inner domains Q% (0) give the same trace, an additional
compatibility condition must be added. Such a condition is caused by the possible
jump of Vv across Z(0). To avoid such a compatibility condition, Abels and
Moser [8] assume ¢ < 3, and this causes unbalanced regularities (123). However, in
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the current system (116), we work in the regime of coinciding shear viscosities of
the two phases. It turns out that this assumption necessitates continuity of the flow
gradient across the interface, see Lemma 12 below. In particular, we can simply
assume vy € W /().

Lemma 12. Under the assumption of coinciding shear viscosities pi4 = p— of the
two fluid phases, it follows that the flow gradient Vv is continuous across I, i.e.,
[Vv] =0. As a result, we can improve (97a) to

ve W, (J;LP(Q) N LY (J; W2 (). (124)
Proof. In the proof, we shall abbreviate nz by n. It follows from (97a) that
Vv e Wpl(Q(t)) for a.e. t € [0, T, (125)

and thus [Vov] makes sense. By (92d), we deduce that the tangential derivative of
v do not jump across Z, i.e.,

[V#*,] =0 onZ for 1<i<d, (126)

where V%, := (Id — n ® n)Vu; is the tangential gradient of v;. Thus, one can
verify that V- v = 0 in 2 in the sense of distribution (see [13, Lemma 2.5] for an
even more general situation), i.e., for any ¢ € C}(Q) it holds Jov-Vedr =0. This
in turn implies by the regularity of v that V-v = 0 a.e. in 2, and therefore by (126)

[n@n: Vi) =[(n®@n—1d): Vo] + [V -v] =0. 127)

Next, multiplying (92¢) by any vector field t orthogonal to n, we deduce from (126)
0=[2V¥»":n®t] =[Vv:t®n]. 128)

Hence, the claim of Lemma 12 follows from (126), (127) and (128). O

(
(
(
(

A.3. Proof of Proposition 8. The regularities of (#,7) and A in (123) are not
balanced. It remains to show further integrability of (¢, 7) by solving (116) sep-
arately under some additional compatibility conditions. A complete proof of this
will be quite lengthy and technical, and we thus only give a sketch of the proof. To
this end, we write the system (116) in an abstract form

() ()

where
00 — Av — V7
v divo
z (Tl') = | [2Do - #ld]ng (130)
0)t=0

is the linearized operator and .4 is the nonlinear one:

a(o,7,h) —0- V' + V"5 0,0,

o\ _ | (divo —div"9) — §,(divo — div" 9)da
v <> - b (3,7, h) + H'n" ' (131)
Vo

In (131), we used the definitions from (114) and
a(®, 7, h) == (div" V"o — Ad) + (V" = V)7, (132a)
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b(?,7,h) := [2D% — 7 Id](nz — n") + 2[Do — D"%)]n". (132b)

Remark 13. It is easy to verify that the operator equation (129) is equivalent
to (116) except that the second equation in the latter, i.e., divh o = 0, is replaced
by

div" & = ][ div" o da (133)
Q

after simplification. It is obvious that the former equation implies the latter one.
The opposite direction is proved in [12, p. 51]:

][divhﬁdx/ | det VO(x, t)| dz

Q Q

(1) / div" 3| det VO(z,t)| dz
Q

(115) / (divy v)],_6, 0.0 | det VO(z, )| dx
0 (=,

= [ divyv(y)dy =0.
Q

Recall from (117) that h starts from 0. By the regularity b € H,, cf. (118c), it can
be shown that, within a short time period [0, T], the nonlinear operator .4#” defined
by (131) is locally Lipschitz continuous between a pair of Banach spaces. Moreover,
we shall show that £ is an isomorphism between this pair. These two results
together with Banach’s fixed point theorem then lead to the proof of Proposition 8.

The invertibility of the linear operator £ from (130) corresponds to the solv-
ability of the following linear system:

o0 — Ao+ Vi =f in ©(0) x (0,7), (134a)
divi =g in Q(0) x (0,7), (134b)

[2D0 — 7 Id] nz = w on Z(0) x (0,T), (134c)
[6] =0 on Z(0) x (0,T), (134d)

on =0 on 90 x (0,7T), (134e)

Bli—o = o in Q. (134f)

Here, we assume (f,g,w) € L} ; x G, x W), where

G, = {g er” (O,T; W;(Q(O))) ‘ /S g(t, ) = 0 for ace. t € (O,T)} . (135)
2

Ja-1) 3

W, .= W, (0, T L”(I(O))) Ny (o, W, * (I(O))), (135b)

and we assume that (g, w, 79) satisfy the following compatibility conditions:

B € W22/P(Q(0)), (136a)

div o = gli—o in Q(0) (136b)

170|BQ =0, (136C)

[T0] = 0 on Z(0), (136d)

1 ([2Ddo] - nz)‘ = sz‘tzo. (136e)
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Remark 14. We note that the integral constraint in (135a) follows by integrating
(134b) and using (134d) and (134e). The compatibility condition (136b) follows by
taking ¢ = 0 in (134b). Finally, (136e) is a consequence of taking the tangential
projection of (134c¢) and then restricting it to ¢t = 0.

The solvability of the system (134) is due to the following maximal regularity
result in [54].

Lemma 15. Assuming the compatibility conditions (136), the system (134) has a
unique solution with the following estimate under notations in (118):

1@, D)llv, e, < C (12, + 100l m, + o ly2-2may ) (137)

where C' is a constant depending on the geometry of Q(O)

Note that the resolvent estimate for (134) in bent half-spaces is given in [53,
Theorem 6.1], which implies the maximal regularity of the instationary system
when p = 2 (see [12] for a short proof). However, the LP maximal regularity of
the instationary system does not follow directly from the corresponding resolvent
estimate.

To show the contraction property of (131), we need to study the regularity of
the mapping (VO)~! — Id.

Lemma 16. Under the regularity assumption h € H,, cf. (118c), we have

T—0

H(Véh)_l - IdH n H(Véh)—l —1d 20,0, (138)

C([07T],W§7%(Q)) Wp%(O,T;LP(Q))
Proof. Recalling (118¢) and (110), we have
Eh e W, (0,T; W, (Bs(Z(0)))) N LP (0,75 W, (Bs(Z(0)))) - (139)

By (111), we obtain the same regularity for ©. So using (105) and (107) yields

- _2 1
6 € C((0, T Wy~ () W (0, T5 W2(9)), (140)
As Ehli—o = 0, for a sufficiently small T', we deduce from (111) and (140) that
sup  |VO, —1d| < 1/2. (141)
z€Q,t€[0,T]

By a Taylor expansion, we have
(VO,) ™t —1d = §(VO, —1d) (142)

where §(B) = Y ;= ,(—1)*B* is a smooth matrix-valued function for |B| < 1. This

combined with (140) and (111) yields
foour -

e,

c(0,1,w; /7 (Q)) 2/ %(0,T;LP(9))

< IBAl ooz + 1Bl

71/1/-3—2/17(36(1(0))) (0,T;W2(Bs(Z(0))))

The first term on the right hand side vanishes as T' | 0 because of (140) and
Ehli—9 = 0. Concerning the second one, we have for s’ = % +¢ 0<e<k0and
p > d+ 2 that

(108)

|ER|| . < Cy,T% %% ||Ehl
W2 (0,T;W}1) P

C* (10,71 W)
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5’_l+l
S Corp™ 20 ”Eh”Wi/“““?([o,T];W;)

(139) /1,1
CS,)pTS 2+"0Eh-

With this, we may conclude with our sketch of the proof. O

Lemma 17. Under the regularity assumption h € H,, cf. (118c), the mapping
(131)

NV x Py IP % Gy x Wy, x W272/P(9)(0)) =: N, (143)
is locally Lipschitz. Moreover, for
(1}1‘,7'('1‘) € Bgr (Vp X Pp) with 1 <1 < 2, (144)

we have the following estimate:
< CO(R,T)[[(v1 = v2,m1 — m2) v, xPB, (145)

()= (.,

where limp o C(R,T) = 0 for each fized R > 0.

Proof. A full proof of (145) will be quite lengthy and technical, so we again only
sketch a few key steps here.
We first deduce from (139) and Eh|i—o = 0 that

h(T> = HEhHC([O,T];Wsiz/p(B(;(I(O)))) (146)

is continuous on [0,7") and that lim; o h(7) = 0. To verify the Lipschitz continu-

ity (145), we start from the only nonlinear term @ - V"% of it. Let o = v1 — va.
Then

H’Ul . thl — V2 - Vh’UQHLg ,

= H’D . Vh’Ul — Vg - V%HLP

< C1(R) (1 +B(T)) T¥ |[t]lcqorwyy by (144) and (138)
< Cy(R)T [[o]v, .

All the remaining terms defining (131) are linear. We shall merely estimate [Dv —
D"$)]n" in (132b), since all the other terms can be treated in a similar way. Note
that W, () is a Banach algebra for p > d + 2. Then

[[Dv1 = D"v1)] = [Dvs = D"v)]|yy,

(114b) _
s | «wen —1arvan|
P
(135b) -
< |l(vée,) -1 V"
~ H(( ") Vo Lr(0,T;WE(2(0))) W,/ ? (0,T;LP ()
- ‘
< MVOR)™ = Tdll o0 2y, w222 191l oo 1wz @20y 2 (0. 15w 20
+||v8n -1, 19012z,
W2 (0,7, L2(0(0))) :
(138),(119a) B
< O vllwso,riee @o)nLeomw2 o))
with C(T) =% o. O
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Proof of Proposition 8. Combining the above two lemmas, we deduce (9,7) € V), x
P, (cf. (118)) by a fixed point argument. To obtain further regularity of h, we recall
from (118a) that

DEV, = ka% (J; LP(Z(0))) N LP(J; W,f*%(z(()))). (147)

Hence, by solving the quasilinear parabolic equation (117) can we improves the
regularity from of h € H, cf. (118c), to (100). This in turn is sufficient to conclude
with the regularity stated in Definition 4. (I
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