FINITE TIME EXTINCTION FOR THE 1D STOCHASTIC
POROUS MEDIUM EQUATION WITH TRANSPORT NOISE

SEBASTIAN HENSEL

ABSTRACT. We establish finite time extinction with probability one for weak
solutions of the Cauchy—Dirichlet problem for the 1D stochastic porous medium
equation with Stratonovich transport noise and compactly supported smooth
initial datum. Heuristically, this is expected to hold because Brownian mo-
tion has average spread rate O(t2) whereas tl}e support of solutions to the
deterministic PME grows only with rate O(t™+1). The rigorous proof relies
on a contraction principle up to time-dependent shift for Wong—Zakai type
approximations, the transformation to a deterministic PME with two copies
of a Brownian path as the lateral boundary, and techniques from the theory
of viscosity solutions.

1. INTRODUCTION

We study the stochastic porous medium equation with Stratonovich transport
noise

du = Au™ dt + vVu o dB, (1)

in the space-time cylinder @ = D x (0, T) for some bounded convex domain D c R?
with C? boundary D and time horizon T € (0,00]. Here u > 0 denotes the so-
called density variable, B is a d-dimensional standard Brownian motion and m > 1
as well as v > 0 are parameters. Moreover, the Stratonovich differential vVu o dB;
is an abbreviation for the expression %Z/QAU dt + vVu - dB;.

We are in particular interested in studying the corresponding Cauchy—Dirichlet
problem, i.e., we supplement the stochastic PDE (1) with

u(z,0) = ug(z), €D, (2)
u(z,t) =0, (x,t) € 0D x (0,T). (3)

The initial condition is given by a non-negative smooth function ug € Cg5, (D) with
compact support in D. In particular, (2) and (3) are compatible to any order.
The main result of the present work is that weak solutions (in the precise sense
of Definition 1 below) to the 1D Cauchy-Dirichlet problem of the SPME (1)—(3)
become extinct in finite time on a set of full probability. For a mathematically
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precise statement we refer the reader to Theorem 3 below. To the best of the
author’s knowledge, this is the first result establishing finite time extinction in
the slow diffusion regime m > 1 for the stochastic porous medium equation. In
contrast, finite time extinction in the fast diffusion regime 0 < m < 1 is well known
in several cases. For instance, Barbu, Da Prato and Rockner establish finite time
extinction for porous medium type models with multiplicative noise in the works [2],
[3] and [4]. Gess treats the case of stochastic sign fast diffusion equations in [15]. In
a very recent work of Turra [20], finite time extinction in the fast diffusion regime
is established for transport noise. The slow diffusion case with transport noise,
however, is left open.

The underlying idea of the present work is to exploit that the supportlof solutions
to the deterministic porous medium equation grows only with rate O(t™+1 ) whereas
Brownian motion spreads on average with a faster rate O(t%). Hence one may
expect that the effect of the random advection term in (1) eventually dominates
the non-linear diffusion term, thus leading to finite time extinction on a set of
full probability. Let us briefly mention the three main ingredients which provide
a rigorous justification for this heuristic (for a more detailed and mathematical
account on the strategy, we refer the reader to Section 3). Along the way we
provide connections to the—for the purposes of this work—relevant parts of the by
now extensive literature for the stochastic porous medium equation.

In a first step, we recover the unique weak solution (in the sense of Definition 1
below) to the Cauchy—Dirichlet problem of the SPME (1)—(3) by means of a suitable
Wong-Zakai approximation. We then perform, on the level of the approximate
solutions, a simple stochastic flow transformation yielding smooth solutions to a
deterministic porous medium equation, but now with two copies of a mollified
Brownian path as the lateral boundary. In principle, we would then like to remove
the mollification parameter to formally obtain a subsolution to the deterministic
PME with two copies of a Brownian path as the lateral boundary. We may view
this object—again at least on a formal level—as a subsolution to the full space
porous medium equation by trivially extending it outside of the domain. We finally
put a Barenblatt profile above the solution at the initial time. It follows by the
comparison principle that finite time extinction happens once the domain with two
copies of a Brownian path as the lateral boundary is pushed outside the support of
such a Barenblatt solution. Since the support of the Barenblatt solution has finite
speed of propagation of order O(t%ﬂ), this actually occurs with probability one.

However, two technical issues being linked to each other arise in the above strat-
egy. The first is concerned with the proposed limit passage after the stochastic flow
transformation. The problem is that the domains on which the approximate and
transformed solutions are supported are not monotonically ordered as one sends
the mollification scale to zero. This fact together with the desire to make use of the
comparison principle motivated us to perform this limit passage in the framework
of viscosity theory by means of the technique of semi-relaxed limits. This allows us
to rigorously construct a mazimal subsolution for the deterministic porous medium
equation with two copies of a Brownian path as the lateral boundary (to be un-
derstood in the precise sense of Definition 14 below). To the best of the author’s
knowledge, the present work seems to be the first instance to make use of viscosity
theory to study the Dirichlet problem for the stochastic porous medium equation
after stochastic flow transformation.
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A notion of viscosity solution for the full space deterministic porous medium
equation has been developed by Caffarelli and Vézquez [6] (see also the work of
Vézquez and Brindle [22]). However, as a consequence of the degeneracy of the
porous medium equation the usual notion of supersolutions from [7] had to be
adapted. But since we only need to talk about subsolutions for our purposes, this
is actually of no concern for us.

However, by taking a semi-relaxed limit it is by no means clear anymore how this
maximal subsolution and the transformed unique weak solution to (1)—(3) relate
to each other. In order to close the argument, we need to make sure that the
unique weak solution of the original problem (1)—(3) is dominated after stochastic
flow transformation by the constructed maximal subsolution in a suitable sense. It
turns out that we can justify this once we provided convergence of the Wong-Zakai
approximations in a strong enough topology like L!. Let us mention at this point
the recent work of Fehrman and Gess [12], who prove rough path well-posedness
for nonlinear gradient type noise using a kinetic formulation which in particular
implies Wong-Zakai type results, but with the equation being posed on the torus.

There has been recently a lot of focus on providing well-posedness for stochas-
tic porous medium equations in an L' framework. The corresponding notion of
solution is the one of entropy solutions first put forward in the work of Dareiotis,
Gerencsér and Gess [8], and the theory is based on a quantitative L! contraction
principle for such solutions. In the work [8], the authors consider the case of nonlin-
ear multiplicative noise with periodic boundary conditions. The subsequent work
of Dareiotis and Gess [10] treats the regime of nonlinear conservative gradient noise
(again with periodic boundary conditions), whereas the recent work [11] by Darei-
otis, Gess and Tsatsoulis provides the corresponding theory of [8] for the Dirichlet
problem on smooth domains.

Following ideas developed in [8], we roughly speaking aim to establish L' conver-
gence of the sequence of Wong—-Zakai approximations. However, as we are concerned
in this work with the Cauchy—Dirichlet problem for the SPME with transport noise,
the actual implementation differs in some aspects to the above mentioned works.
Most importantly, since two different approximate solutions are advected with dif-
ferent speeds (as a consequence of the two associated different mollification scales)
it is natural to introduce a time-dependent, random shift function and to compare
the Wong—Zakai approximations only after shifting. We then essentially establish
quantitative L' contraction for this sequence of shifted densities, see Proposition 5
below for the mathematically precise formulation. This result may be of indepen-
dent interest.

Notation. Throughout the paper, we fix a filtered probability space (2, F,F,P)
with filtration F = (F):e[0,00) Which is subject to the usual conditions, i.e., the
filtration F is right-continuous and Fy is P-complete. By B = (B;)¢c[0,o0) We denote
a standard d-dimensional F-Brownian motion. For a given time horizon T € (0, o]
we let Pr be the predictable o-field on Qp := Q x [0, T].

For two maps f and g, we write f o g to denote the composition of f with g.
We slightly abuse notation here since we already use the symbol o for Stratonovich
integration. However, it will always be clear from the context in which sense it is
to be interpreted.

Let D C R% be an open domain. (In the one-dimensional setting, we will
instead use the notation I C R for a bounded open interval.) The space of all
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smooth functions with compact support in D is denoted by Cg5; (D), whereas C°(D)
represents the space of all continuous functions on the closure D with bounded
supremum norm. The space H{ (D) is the usual space of Sobolev functions with zero
trace on the boundary. Its topological dual space will be denoted by H~'. The space
of H~! valued, continuous and F-adapted stochastic processes intersected with
L9(Qp, Pr; LY(D)) is denoted by H, (D). The space of L?(D) valued, continuous
and F-adapted stochastic processes intersected with the space L?(Qr, Pr; H} (D)))
(resp. the space L?(Qr, Pr; HY(D))) is L3(D) (resp. L2(D)). If we want to specify
the target values for a function space, we will include this in the notation. E.g.,
Copi(D;[0,00)) is the space of all non-negative smooth functions with compact
support in D. The space of functions of bounded variation is denoted by BV'.
The Lebesgue measure on R is denoted by £%, the s-dimensional Hausdorff
measure by H*. We write y 4 for the indicator function of a measurable set A (with
respect to any measure space). For two numbers a,b € R we abbreviate a V b for
their maximum respectively a A b for their minimum. Finally, we define ay :=aV 0

and sign, (a) := X(0,00)(a) for a € R.

2. MAIN RESULT

The main result of the present work establishes that weak solutions of the one-
dimensional stochastic porous medium equation with Stratonovich transport noise
(1)—(3) almost surely have the finite time extinction property. Before we provide
the precise statement, let us introduce the notion of weak solutions.

Definition 1. Let D C R? be a bounded domain with C2? boundary, T* € (0, o0
be a time horizon as well as ug € Cg;(D;[0,00)) be an initial density. A non-
negative stochastic process v € H,, +1(D) is called a weak solution to the Cauchy—
Dirichlet problem (1)—(3) of the stochastic porous medium equation (SPME) with
initial density ug on the space time cylinder Q = D x (0,T*) if for all ¢ € C5,(D)

with probability one it holds

|l T)ot)do - /D uo(2)(x) da

/ / ™ (2, t)+ = l/u(x t))A¢>( )dzdtf/ /Vuxt)ng( )da dB,

for all T € (0, 7).

cpt

(4)

Remark 2. Existence and uniqueness of weak solutions in the sense of Definition 1
was established, for instance, in [9, Theorem 3.3]. In fact, the authors consider
a much more general class of degenerate quasilinear stochastic PDE, allowing for
more general initial conditions and, in particular, for signed solutions.

Being equipped with the notion of weak solutions we may now formulate the
main result of the present work, which is finite time extinction with probability one
for weak solutions of the 1D stochastic porous medium equation with Stratonovich
transport noise.

Theorem 3. Let I C R be a bounded open interval, and let u € H_lﬂ(I) be the
unique weak solution to the SPME (1)—~(3) with initial density uo € Cg5,(I;[0,00))
on the space-time cylinder I x (0,00) in the sense of Definition 1. Define a stopping
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time by means of
Toxtinet := Inf{T > 0: u(-,T) = 0 almost everywhere in I}. (5)

Then there exists a constant M = M (ug) > 0 depending only on the initial density
such that

P(Toxiinet < T) > P(inf {t > 0: |B,| > L (I)+Mt7+} <T) (6)
for all T € (0,00). Moreover, for Toctinet = inf{T > 0: |Br| > ﬁl(I)JrMT#H} it

holds P(Textinet < 00) = P(Textinet < 00) = 1. Finally, for all T € (0,00) we have
almost surely on {T > Textinet } that u(-,T) = 0 is satisfied almost everywhere in I.

3. OUTLINE OF THE STRATEGY

Let us comment on the strategy for the proof of the main result, Theorem 3. In
a nutshell the argument works as follows. By stochastic flow transformation, which
in our case of pure transport noise is of particularly easy form, we may consider
first the transformed densities

v(x,t) ;= u(x—vBy,t), (x,t) € U (vBi+I) x {t}.
te(0,00)
Formally, the transformed density v is then subject to the deterministic porous
medium equation

0w =0pv™ in ) (WBiHI) x {t},
te(0,00)

with initial density v(:,0) = uo and Dirichlet boundary conditions on the lateral
boundary U, ¢(o,o0) (¥Bi+01) x {t}. Extending v trivially to the entire space-time
domain R x (0,00), and denoting this extension by ¥, we obtain, at least formally,
a subsolution to the Cauchy problem of the deterministic porous medium equation
040 = O, 0™ with initial density o(-,0) = ug > 0.

Now, we may choose a Barenblatt profile B with free boundary 01 at t = 0 and
which strictly dominates the initial density, i.e., {B(-,0) = 0} = dI and ug < B(-,0)
on I. By comparison it follows © < B on R x (0,00). Since the support of the
Barenblatt solution has finite speed of propagation of order O(Tﬁ) (with the
implicit constant only depending on the initial density), we deduce the validity
of (6). However, since Brownian motion has average spread rate of order O(T'z)
and we assume that m > 1, this entails that finite time extinction happens with
probability one: P(Textinet < 00) = 1.

To make this argument rigorous, we rely on a suitable approximation procedure.
To this end, we first consider the d-dimensional setting and fix a finite time horizon
T* € (0,00). Moreover, choose p € C5((0,1);[0,00)) with [ p(r)dr = 1 and

define p. := 1p(:) for ¢ > 0. We then introduce the smooth approximations
B® = (B} )tej0,00) to Brownian motion defined via
B = / p(t—3)Bs ds. (7)
0

Since the mollifier p is supported on positive times, we note that B¢ is F-adapted.
We also have almost surely that

sup || B¥||co(jo,r+)) < o0 (8)
e>0
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as well as

B® — B uniformly on [0,77] as € — 0. 9)
Fix a € (%, %) For purely technical reasons, we make also use of the classical fact

that there is a square integrable random variable C, such that with probability one

| Bt — Bs| < Colt — s|* for all s,t € [0,T"]. (10)
In particular, for each integer M > 1 and each § > 0 we can find ane’ = ¢'(M,§) > 0
such that for all € < ¢’ it holds

sup |B; — Bf| < § almost surely on {C, < M}. (11)
t€[0,7%]

We then proceed by considering the inhomogeneous Cauchy—Dirichlet problem

due = Aul* dt + vVu, -dB;, (z,t) € D x (0,T7), (12)
ue(2,0) = ug(z) + ¢, r €D, (13)
ue(x,t) =¢, (z,t) € 9D x (0,T7]. (14)

Note that the regularization not only comes from the Wong—Zakai approxima-
tion Vu,-dBf = (%Bf -V)u, dt, but also from choosing strictly positive initial and
boundary data. In this way we circumvent the degeneracy at u = 0 of the porous
medium operator at the level of the approximations, i.e., we can solve the prob-
lem (12)—(14) in a classical and pathwise sense such that the maximum principle
applies. Proofs will be provided in the subsequent Section 4.

Lemma 4. For each ¢ > 0, there exist u. € e+L3(D) such that the following holds
true on a set with probability one (e.g., so that (8) holds):

For all e > 0 the map u. is the unique classical solution of the Cauchy—Dirichlet
problem (12)—(14) in the sense that u. € C’i‘%(DX[O,T*]) N C>®(Dx(0,T*)) and
the equations (12)—(14) are satisfied pointwise everywhere. From the mazimum
principle, we have the bounds

e <u(x,t) < e+ [luollL(p) (15)

for all e > 0 and all (x,t) € Dx[0,T*]. There is a constant C = C(T*,v,ug) > 0
and some B > 0 such that the a priori estimates

1 r 1
sup / f\u€|2(T)dx+/ /mu;”_1|Vu€\2dxdt§/ —|uc(0)[*da, (16)
Tefo,7+] D 2 o Jp D2

T ™ot
sup E/ —|Vu™3(T) d:c+E/ / —mu™ o |? dedt < e PC,  (17)
Te[o,T* 2 o Jp2

1 Jb
E/ / HAW" | de dt < e~PC (18)
0 D

hold true almost surely for all € > 0.

A key ingredient for the rigorous justification of the comparison argument out-
lined at the beginning of this section is that the Wong—Zakai type approximations
ue from Lemma 4 recover the unique weak solution u to the Cauchy—Dirichlet prob-
lem (1)—(3) in a certain pointwise sense. We obtain this by establishing a sort of
contraction principle for the sequence of u. by means of Kruzkov’s device of vari-
able doubling [16]. To this end, the proof loosely follows the strategy of Dareiotis,
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Gerencsér and Gess [8] or Dareiotis and Gess [10] who study entropy solutions
for stochastic porous medium type equations posed on the torus. The Cauchy-
Dirichlet problem in the framework of entropy solutions was recently studied in
the work of Dareiotis, Gess and Tsatsoulis [11]. However, they do not consider the
case of gradient type noise. Let us also mention the recent work of Fehrman and
Gess [12], who prove rough path well-posedness for nonlinear gradient type noise
using a kinetic formulation which in particular implies Wong-Zakai type results,
but with the equation being posed on the torus..

As we are concerned in this work with the Cauchy—Dirichlet problem for the
SPME with transport noise, and roughly speaking aim to establish L' convergence
for the Wong—Zakai type approximations u., the actual implementation of the dou-
bling of variables technique differs in some aspects to the above mentioned works.
First, since two different solutions u. and u: are advected at different speeds, it
seems to be natural to introduce for our purpose a (time-dependent, random) shift
function and to compare the solutions only after shifting, i.e., we are led to study
L' convergence for the sequence

ul (x,t) := uc(x+v(By—Bj), t).

Second, since the introduction of this shift in turn changes the domain on which
the equation for uS™ is posed it is necessary to create a boundary layer in order to
apply the doubling of variables method up to the boundary. This is done by means
of an additional truncation as follows.

Let k > 0 and ¢ € (0,%5) be fixed. We then choose a smooth and convex map
¢: R — [0,00) such that ((r) =0 forr <0, ((r)=r—1forr >2and {(r) <rVvo0
for all r € R. Define (5(r) := d((5). There is a constant C' > 0 independent of §
such that

sup [(6)" ()] + Ir|(C)"(r) < €, (19)

(¢s)'(r) — sign (r) and ¢s5(r) /' ry == max{r,0} as 6 — 0, (20)
|Cs(r)—ry| < C6 for all r € R, and (5(r) = r — ¢ for all r > 24. (21)

Let ¢2(r) := k + (s(r—k). The idea then is to study basically L' contraction for
the sequence (7 ouf for e < &. Note that for each time slice ¢ € [0, 7] the function
Coouf (-, t) is C* in the open domain —v(B;—Bf)+ D, and for € < § it is actually
constant in a neighborhood of —v(B;—Bf) + dD. Extending in each time slice u.
to € outside of the domain D, and denoting this extension again by u., we see that
CE oul (-,t) is C° even on the whole space R?. In summary, by introducing a
boundary layer as above there is no jump of the Neumann data for ¢S o ul™ across
the boundary —v(B;—B§) + 0D. This turns out to be absolutely essential in order
to apply the doubling of variables technique up to the boundary.

Proposition 5 (Contraction principle up to time-dependent shift for truncated
Wong—Zakai type approximations). For eache > 0 let u. denote the unique classical
solution to (12)—(14) in the sense of Lemma 4. We extend u. to a function defined
on R¥x [0, T*] by setting it equal to € outside of D x [0, T*]. Denoting this extension
again by u. we then define for all € > 0 the shifted densities

us (z,t) = uc (x+v(B;—Bf),t), (x,t) € R x [0,T7]. (22)

There exists a constant C > 0 and an exponent ¥ > 0 such that for all truncation
levels k € (0,T7* A1) and all compact sets K C D, there exists a small constant
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g0 = eo(k, K) such that for all €, < &g it holds

sup E/ |k Vul (z, T)—kVuf (z,T) dz
T€k,T*] K (23)

<C(eVveé) +Cr+ E/D |k V (ug(z)+e)—k V (up(x)+€)| da.

We may lift this quantitative stability estimate for the truncated and shifted
densities £ V uf to qualitative L' convergence of the shifted densities uf.

Corollary 6. Let the assumptions and notation of Proposition 5 be in place. Then
the sequence of shifted densities ut is Cauchy in C([r,T*]; L*(QxD,P @ L)) for
all positive times T € (0,T*). The sequence of shifted densities is moreover Cauchy
in LY([0,T*]); LY(Qx D, P ® L%)). Let u € L*([0,T*]; L*(Qx D, P ® L)) denote the
corresponding limit in this space. Then, u is also the weak limit of the Wong—Zakai
type approzimations u. from Lemma 4 in the space L™ Y (Qr«, Pr«; L™TH(D))

The final issue concerning the Wong—Zakai type approximations u. from Lemma 4
is the identification of the limit object u in Corollary 6 as the unique weak solution
to the Cauchy-Dirichlet problem (1)—(3) of the stochastic porous medium equation.

Proposition 7. Letu € L™ Y (Qp«, Pr«; L™ (D)) be the limit of the Wong—Zakai
approximations u. in the sense of Corollary 6. Then it holds that u € H;lﬂ(D),
and u is the unique weak solution to the Cauchy-Dirichlet problem (1)—(3) with ini-
tial density ug € O (D;[0,00)) in the sense of Definition 1. Moreover, u satisfies
the bounds 0 < u < [lug|| Lo (p)-

From now on we will restrict ourselves to the one-dimensional setting d = 1. We
still have to make rigorous the outlined comparison argument. The key ingredient
for this will be provided in Section 5.1. It consists of the construction of a mazimal
subsolution Pmax (in the sense of viscosity theory [7], precise definitions will follow
in Section 5.1) for the Cauchy—Dirichlet problem of the porous medium equation
after stochastic flow transformation

0ip = (m=1)pduap + 1001, (x,t) € | WBHI) x {t},  (24)
te(O,T*)

p(x,0) = po(x), zel, (25)

bz, t) =0, (@.t)e |J @BHI) x{t}.  (26)
te(0,7+]

The pressure variable p is obtained from the density variable u via the transforma-
tion g(u) with g: [0,00) — [0,00) given by g(r) := —=r™1 To the best of the
author’s knowledge, the present work seems to be the first instance to make use
of the pressure formulation to study the stochastic porous medium equation after
stochastic flow transformation in the setting of viscosity theory.

The main difficulty for solving (24)—(26) comes from the fact that the lateral

boundary consists of two translates of a Brownian trajectory. To overcome the
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lack of regularity of the lateral boundary, we first consider the approximate initial-
boundary value problem (see Lemma 15)

Ope = (M—1)P0naPe + |0uPe|?,  (2,1) € U (vBi+I) x {t}, (27)
te(0,7)
De(z,0) = po (), xel, (28)
_ o m m—1 €
pe(w,t) = ——= ™7, (x,t)e |J wBf+oI)x{t},  (29)
te(0,7*]

and then pass to the limit € — 0 by means of the technique of semi-relaxed limits,
see for instance [7, Section 6]. In this way we obtain a maximal subsolution to the
problem (24)—(26) in the sense of viscosity theory [7], see Proposition 16. The main
motivation for working in the framework of viscosity theory is the non-monotonicity
of the underlying space-time domains U, p-)(vBi+I) x {t} as ¢ — 0 which
necessitates the usage of a relaxed limit. In this way, however, the interpretation
of the lateral boundary condition (26) in a strong sense is lost in the limit. It is
well-known that boundary regularity for solutions to stochastic PDEs with gradient
type noise and given Dirichlet data proves to be a delicate issue. This already shows
up in the linear case, see, for instance, the works by Krylov [17] and [18]. For a
recent work in the semilinear regime, we refer the reader to [14]. On the other side,
“continuity up to the lateral boundary” is inessential for our purposes and anyway
not expected, if at all, to be obtained by the methods in this work.

Note that the maximal subsolution ppyax of course depends on the realization of
Brownian motion, and is therefore random. However, since the construction of pyax
is ultimately a purely deterministic consequence of the probabilistic facts (8)—(11),
we obtain the maximal subsolution in a pathwise sense on a set of full probability.

The proof of Theorem 3, which is the content of Section 5.5, then roughly speak-
ing proceeds as follows. Denoting by p the map which we obtain from the unique
weak solution u of (1)—(3) in the sense of Definition 1 by first applying a stochas-
tic flow transformation and then a density-to-pressure transformation, we have the
estimate p < Pmax, see Proposition 17. This bound is essentially a combination of
the following facts:

i) The solution to (27)—(29) may in fact be obtained from the Wong-Zakai type
approximations u. of (12)—(14) by first applying a stochastic flow transforma-
tion and then a density-to-pressure transformation.

ii) The Wong-Zakai approximations u. (or more precisely, their shifted coun-
terparts (22)) converge on each positive time slice in L' to the unique weak
solution of the Cauchy-Dirichlet problem (1)—(3), see Corollary 6.

iii) The maximal subsolution to (24)—(26) dominates the upper semi-relaxed limit
(with respect to parabolic space-time cylinders) of the transformed u.. How-
ever, taking a semi-relaxed limit allows to compare with the transformed den-
sity u by means of the previous two items.

Finally, we compare the maximal subsolution py,ax to a Barenblatt profile (writ-
ten in the pressure variable) as outlined in the heuristic argument. We make use of
the comparison principle in the framework of viscosity solutions for the deterministic
porous medium equation as developed by Caffarelli and Vézquez [6] resp. Vazquez
and Bréndle [22]. The remaining argument after comparing with the Barenblatt
profile, in particular the derivation of (6), then works as already sketched before.
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4. RECOVERING WEAK SOLUTIONS BY WONG—ZAKAI TYPE APPROXIMATIONS

4.1. Proof of Lemma 4 (Wong—Zakai type approximation). We make use of a
usual trick of avoiding the degeneracy of the porous medium operator, see for
instance [21, Proof of Theorem 5.5]. Let ¢ > 0 be fixed and choose a bounded
smooth function a.: R — [m(5)™ !, 00) such that it holds a.(r) = mr™~! for all
r € [g,e+|luo o (p)]- By the choice of a. and since Bf as defined in (7) is smooth
on [0,7*] almost surely, we can make use of standard quasilinear theory [19] to
solve the PDE

Oue =V - (aE(ua)VUE) + u(%

in a classical sense, i.e., we obtain with probability one a classical solution u. €
C’i:;(f)x [0, T*]) N C*®(Dx(0,7%)). It is then immediate from the choice of a. and
the regularity of u. that the equations (12)—(14) are satisfied pointwise everywhere.

We can infer from the maximum principle that & < uc(z,t) < e+ |lugl|L~(p)
holds true for all (z,t) € Dx[0,T*] as it is asserted in (15). The derivation of the
energy estimate (16) is standard: multiply the equation with w,., integrate over D
and use the regularity of u. to integrate by parts in the spatial differential operators.
Note in this respect that as a consequence of (15) and (14) it holds nspp - VuZ* < 0
on 0D, where nyp is the exterior unit normal vector field along the C? manifold
OD. This is the only reason for the inequality sign in (16) as we may compute for
the second term

/ — B} - u.Vu. dx —/ — B} - u.V(uc—e)de
d 5 d € 2 __
= — aB ( )VUE = &B V|u€ 5| =

We proceed with the bound (17) for the time derivative. Multiplying the equa-
tion (12) with O,ul", integrating over D, performing an integration by parts in
the term with the porous medium operator and estimating the transport term by
Hélder’s and Young’s inequality yields for all ¢t € (0,7*) the estimate

/mu ()| Oruc| ()d;v—k%/ —|Vu™2(t) da

/mu ()| Oruc | ()dz+—/ ’dtBE

Multiplying this bound with ¢ and integrating the resulting estimate over (0,7T") we
may infer using also (16) and (15)

/ / —mu™ O |? do dt + = /|Vu 2(T)dx
0
27T*y 2
< - / /|Vu ?dxdt + sup —/ /mum Y Wu|? do dt
0<t<T*

: ) [ o

for all T € (0, T*). Moreover, it follows from (7) and Doob’s maximal inequality
that Esupyc,<q- | Bf[> < Ce #T*E|Br-|* for some absolute constant C' > 0.
This establishes the estlmate (17). The bound (18) is now a consequence of plugging

By - V)us on D x [0,T%]

u™ ()| Ve |2 (t) da

d
BE
dt Tt

*
T"v d .

B
dt Tt

m _
< (G (eHluollz=)" "+

sup
2 o<t<T*
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in the equation (12), then using the triangle inequality, estimating the term with
the time derivative by means of (17) and bounding the transport term similarly as
at the end of the proof of (17). This concludes the proof of Lemma 4. g

4.2. Proof of Proposition 5 (Contraction principle up to time-dependent shift
for truncated Wong—Zakai type approximations). Fix £ > 0 and let {5 denote the
smooth and convex approximation to the positive part truncation r — r. :=r V0
on scale § > 0 such that (19)-(21) hold true. Define ¢’(r) := & + (s(r—r) which
is a smooth and convex approximation to the truncation r — 7 V k. Finally, fix
g,€ < 5 and abbreviate for what follows v, := ¢ oul resp. ve := (' ouf, where
q > 1 will be a large exponent to be specified later on in the proof. See (22) for the
definition of the shifted densities. Finally, fix a compact set K C D.

We aim to derive an estimate for suppcp, 7+ E||ve —ve|| L1 (k) of the same type as
the asserted bound (23). The proof of this proceeds in several steps. For the sake
of better readability, let us occasionally break the proof into intermediate results.

Lemma 8. Let the assumptions and notation of Subsection 4.2 be in place. We
next choose a smooth, even and convexr map n: R — [0,00) such that n(r) = |r|—1
for |r| > 2 and n(r) < |r| for all r € R. Define ns5(r) := én(%). There is a constant
C > 0 independent of § such that

fggl(ns)’(r)l + [rl(ns)" (r) < C, (30)
(ns)'(r) — sign(r) and ns(r) /' |r] as § — 0, (31)
[ns(r)—|r|| < C& for allr € R, and ns(r) = |r| =& for all |r| > 24. (32)

Then the following “entropy estimate” holds true

7E/0 /Rd ns (ve (2, t)—Z) & (, t) dz dt

< —E/O /Rd Vo (2, t) 2 (ns)" (v (2, t)—2™) &(, ) dar dt (33)
+ E/0 /Rd s (v;"(m,t)—zm)Af(x,t) dz dt
—E/O /R% (V0 (2, 8) 2(0)" (v (0, £) — 2) (1) da dt
-
+E/0 /Rd %V2n5(vs(x,t)—2)A£(x,t)dxdt
-
— E/0 /Rd vns (ve(z, 1) —2) VE(z, t) dz d By L
T* R R
+ E/0 /Rd AV (@, t)E(z, ) { () (ve(z, t)—Z) — (ns) (v (z,t)—2Z™) } dz dt

- E/O /Rd m((u)™ =0 (2, ) Ve (2, 1) - (ns) (ve(z, t)—Z) VE(, t) dz dt

for all € € C2%, (R x (0,T*); [0,0)) and all bounded random variables £ € L ().

cpt
An analogous estimate holds true for ve, see (49) below for the precise statement.
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Proof. Step 1 (Equation for uf and uf ): The first step is to derive the equation
for the shifted densities uf and wuf", respectively. To this end, we aim to apply
It6’s formula with respect to [g. ue(x,t)n(z—v(B;—B;),t) dz, where 7 is an F-

adapted random test function 1 € C3% (R* x (0,7%)). Note that d;u. = 0 on the

lateral boundary 0D x (0,7*). Hence, it holds dsu. € C(R? x (0,7%)) and we
thus obtain from an application of It6’s formula for each F-adapted random test

function 7 € Cg% (R? x (0,T*)) with probability one

- /0 /m ue (@, 1)0n(z—v(B—B;), t) dw dt

:/OT 8tus(1‘ tyn(z—v(B;—B;),t)dx dt (34)
/ /Rduf“”*Bg Vin(z—v(By—By), t) dv dt
/ /Rdusmt V2An(z—v(B,—B5),t) dw dt

/ / Ue(x, )vVn(z—v(By—B;),t) dz dBy.
R4

Since u. solves the equation (12) classically in D x (0,7%), and is by definition
constant outside of it, we may compute

-
/ Opue (z, t)n(z—v(By—B§), t) de dt
Rd

= / / Aul(z, t)n(x—v(Bs—Bg), t) dz dt (35)
0o JR4HGD
’ d
+ / / n(x—v(By—B;), t)v— B§ - Vu(z,t) dz dt.
0 Rd dt

(Despite dD having Lebesgue measure zero, the domain of integration in the first
right hand side term is R?\ 9D since Vu™ may jump across the domain boundary
0D for all i € {1,...,d}, and hence 0;Vu]" may not exist in the sense of weak
derivatives in R? x (0, 7%) for all i € {1,...,d}.) Integrating by parts in the second
term on the right hand side of the latter identity as well as performing a change of
variables © — x + v(B;—B§) yields

-
/ 6tug(x tyn(z—v(B—Bj),t) dzdt
/ /ugxtl/—B -Vn(xz—v(By—Bj),t) dz dt (36)
R4

= / / AwS)™(z, t)n(z, t) dx dt.
0o JRA\(—v(B,~Bs)+oD)

Note that there is no boundary integral appearing from the integration by parts
in the second term on the right hand side of (35) since u. € C(R% x (0,7%)). We
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compute analogously

/ / ue(x,t)= 2A77(x v(Bi—Bj),t)dzdt
Rd
—/ / 7V2Vu;_(x,t) -Vn(z,t)dedt
0 R4 2
as well as

/ / ue (z, ) vVn(z—v(B:—B§ ), t) dz dB;.
RA

:/ / vVul (z,t)n(x,t) de dBy.
0o Jre

From (34), (36), (37) and (38) we infer that for each F-adapted random test function
€ O, (R? x (0,7*)) it holds with probability one

cpt
f/ / us (z,t)0m(z,t) do dt
0o Jmd

:/ / A )™z, t)n(z, t) da dt
Rd\( v(B;—B£)+0D)
/ / fl/QVu x,t) - Vn(z,t)de dt
R4
+/ / vVul (z,t)n(z,t) dz dBy.
o Jre

Analogously one derives the equation for uf .

Step 2 (Convex approximation to r — rV K as test function): In the next step we
aim to derive the equation for v. = (5" o u¢~ based on the equation for the shifted
density derived in (39). The idea is to test the equation (39) with the test function

= ((¢Z") o uf )¢, where £ € CZ5(RY x (0,7%);[0,00)) is arbitrary. However,
since the shifted density u{ is only Holder continuous in the time variable we have
to regularize first. To this end, we make use of the Steklov average np(z,t) :=
+] tt_h n(x, s)ds which is an admissible test function for (39) for all sufficiently
) _ n(z,t)fz(w,tfh)

(38)

small h > 0 (depending only on the support of £). Since dynp (x,t
we obtain by a simple change of variables

—/ / us (z,t)0mp (x, t) dz dt
Rd

(40)
/0 [Rd - (U (@, tHh)—ud (2, 0) (G2 (u (2, )€z, 1) do dt

for each h > 0 and each ¢ € C (R%x(0, T*) [0,00)) almost surely. We then

cpt
deduce from the smoothness and convexity of ¢ ,i as well as by reverting the change
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of variables the bound

—/ / ul (x, )0z, t) da dt
Rd

//%C S, t4+h) = ¢ (s (2, 1)) E(x, ) da dt
_/o /Rd E(g(x’t_h)_g(@t))Ciq(uf(x,t))dxdt

for each h > 0 and each § € O, (Dx(0,7%);[0,00)) almost surely. Hence, we may
infer from this, (39) and standard properties of the Steklov average after letting
h — 0 the estimate

//gfq S(2,1))046 (2, t) dz dt
Rd
<[] ooy M@ O W e Dz (@)

B / / SV 1) - V(G (i (o )€, 1) drdl
0 i R
+/0 /Rd vVul (x, 1) (CE ) (ul (z,t))é(x, t) dz d By,

which is valid for each { € C53 (R*%(0,77);[0,00)) on a set with probability one.
Note that on R¢\ (—v(B;—Bf) +0D) we may apply the chain rule to compute that
Vs (@, 1) (¢ (us (z,t)) = V(¢ ou ) (2, t). Furthermore, note that (¢5*)'(r) =0
holds true for all » < k. In particular, because of us~ € C(R¥x[0,7*]) and the
choice ¢ < £ we have for all t € [0,7*] that (¢Z') ou (-,t) = 0 in a neighborhood of
the interface (—v(B;—B;)+0D). This in turn means that we can integrate by parts
in the first term on the right hand side of (41) without producing an additional
surface integral. Taking all of these information together yields the bound

/ /R ) (¢ ouf)B,€ da dt

/ /Rd <_)m_l|V“<s_|2((giq)// Ou;_)fdxdt (42)
/ /Rd )"V o) - VEdn dt

/ / VuE (6" oul)Ededt

/ /Rd2 V(¢ ous) - VEdadt

[l

vV(¢E oul)eda dB;
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for each £ € CZ5 (R*x(0,T*); [0, 00)) almost surely. Exploiting the sign (¢5')” > 0

. . . q . .
and making use of the abbreviation v, = (; oul we arrive at the estimate

—/0 /Rd ve(x, )0 (x, t) de dt

<_/O Tz, ) - Ve ) dode (43)

/ /R SV (1) - VE(x,t) dar dt

+ /0 /R vVue(@, 1g(w, 1) da dBy
_/0 | /Rdm((“f?)m_l—vin_l)(%t)Vva(xvt)-Vf(x,t) de dt

which is valid for all £ € Cg;jt(Rd (0,7%); 0, oo)) almost surely. An analogous

estimate also holds true for the pair (uf,vs = C;i ouf), ie.,

- / / ve(y, $)0:é(y, 5) dy ds
0 Rd

<- / Vo (y, s) - VE(y, s) dy ds (44)
0 Rd

T
1 -
—/ / *V2V’Ué(y,8> -VE&(y, s)dyds
0 Rd 2

+/ / vVe(y, s)€E(y, s) dy dBs
o Jma

[ [ s ) ) Vet s) - Vi dy s

for all € € Cone(Dx(0,7%);[0,00)) almost surely.

Step 8 (Convex approzimation ns to r — |r| as test function): We proceed
by testing the inequality (43) with (ns) (ve(z,t)—2)&(x, t) where the test function
£ € O (R x (0,7%);[0,00)) and 2 € R are arbitrary. This again incorporates
several integration by parts which we do not want to produce any additional surface
integrals. We reiterate that this will indeed not be the case since neither the
Dirichlet data nor the Neumann data for v. jump across the interfaces —v(B;—B§ )+
0D for all t € [0,T*]. Hence, arguing similar to the previous step using in particular
the Steklov average and the convexity of 175 we obtain the estimate

—/ / ns (ve (2, 1) —2)0,&(z, ) dw dt
0o JRe
f/ /Rd Vo' (z,t) - V((ns) (ve (@, £)—2)&(z, 1)) dz dt (45)
/ /R 12V (z,t) - V((ns) (ve (2, 1) —2)&(, ) dz dt

T*

- /0 /Rd vis (ve(x,8)—2) VE(, t) dz dB;
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- / / ()™ ) (2 )| Vo (2, )2 (05)” (v, )~ 3) € £) dr
0 Rd

7/0 /Rdm((uf)mflfv’s”*l)(x,t)VvE(x,t) - (n9)" (ve(z, t)—2) VE(w, t) dw dt

for all £ € Cé’;t(Rd (0,7%);[0,00)) and all £ € R. As a preparation for what
follows, we post-process the right hand side of the latter inequality. Integrating by
parts, adding zero and using the chain rule we may rewrite the non-linear diffusion
term as follows

-
[ [ v Vi) (0. 0) de
/ /Rd|Vv (2, )]*(s)" (v (2, t)—2™)&(2, ) dz dt (46)
/ / ns (V2 (2, t)—2") A&(z, t) da dt
Rd

+/ AV (z, )E(z, ) { () (ve(, £)—2) — (ns)" (vI* (2, t)—2™) } dz dt.
o Jme

Analogously one obtains for the Stratonovich correction term
/ / *I/QVUE (z,t) - V((n5) (ve(z, t)—2)&(z, 1)) dw dt
R
—- / / Ve, R s) (0ol =2 €@, vt (47)

0o Jra?2
71>k 1

+/ / 105 (ve (2, £)—2) A& (, t) da dt.
0 Rd 2

Since Xsupp vo. Ve < Xsupp Vo, Us by the definition of v, = CE ouf and the
truncation ¢5* we observe that the penultimate term in (45) has a favorable sign.
Together with the two identities (46) and (47) the bound (45) thus yields for all
zeRand all £ € CZ5 (R x(0,T%);[0,00)) almost surely the estimate

- /0 | /Rd 15 (ve (2, )= 2) 0p& (w, 1) d dt

-/ /R IV o )P ) (o (1)) E e, £) (49)

775 (z,t)—2")A(x, t) dx dt
)

|
-
J

0

T+

_|_

/ §V2\Vvs(:c,t)|2(n5)”(v5(x,t)fé)g(x,t) dzdt
Rd
/ V205 (ve(,t)—2) A¢(z, ) dz dt

M\H

R4

T
—/ / 1/175 ve(z, t)— )Vé(x,t) dx dB;

0 R4
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T
+/ A (z, )€(z, ) { (ns) (ve(, )= 2) — (ns) (v]* (2, 1) —2™) } dw dt

0 Rd
,/0 /Rd m((us)™ =0 ) (2, ) Ve (z,t) - (15) (ve (2, 1) —2) VE(2, 1) da dt.

Step 4 (Substituting 2 ~ Z and taking expectation): We define for every A > 0 a
smooth and compactly supported cut-off gy := % p(5) by rescaling a standard even
cut-off function p € CZ5((~1,1);[0,00)) such that [g p(r)dr = 1. We may then
multiply the inequality (48) with the non-negative random variable py (2—2’ ), take
the expected value of the resulting almost sure estimate, and finally integrate over
2 € R. We claim that taking the limit A\ — 0 produces the desired estimate (33).

To this end, we focu§ on the parameter dependent stochastic integral term
R>:— X(2) = fOT Jravns (ve(w,t)—2)VE(x,t) dz dB;. Note that because
of the maximum principle bound (15), the definition v. = (" o uf", as well as the
Burkholder-Davis-Gundy inequality it holds E|X’(0)| + E|X”(0)] < oo. Hence,

E[X(2)|:_z| < 121 =BIX'(0)] < 00, E|X'(2)|;_5| < | 2] L=~E[X"(0)| < o0, and

E‘X(z)|2_2LpA(zé)X(2)dz

< / 2pA(2) d2E|X'(2)]._z| > 0as A — 0.
R

This yields the claim for the noise term appearing in (48). We observe that all the
other terms can be dealt with based on the estimates (15)—(18) from Lemma 4,
which in turn concludes the proof of (33).

Finally, by taking (44) instead of (43) as a starting point for the previous two
steps we obtain along the same lines that

- E/o /R 15 (ve(y, )= 2)0i€(y, ) dy ds
.
- _E/o /R Vo2 (g, ) 2(15)" (2" (3, 5)— ™) E(y, 5) dy ds (49)
-
" E/o /Rd 05 (V2 (y, 8) = Z™) A&(y, s) dy ds

T+

-E V2|Vvé(y,s)|2(7]5)"(vé(y,s)fZ)g(y,s) dyds

a

)ﬂ
H
N~ N

+
=

v*ns (ve(y, 5)—Z) Ad(y, s) dy ds

|
=

%hc\%

vns (’Ug (y,s) —z) Vg(y, s)dy dBs
d z2=Z

+E AV (y, 5)E(y, 5){ (n5) (ve(y, 5)—Z) — () (v (3, 5)—2™) } dy ds

B[ () ) )T ) - ) (0200 5)2) VEy5) s,

for all test functions & € Coo (R % (0,7%);0,00)), as well as all bounded random

variables Z. This concludes the proof of Lemma 8. (]
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We continue with the proof of Proposition 5. The next step takes care of the
proper choice of test functions £(x,t) resp. 13 (y, s) in the latter two estimates. After
that, we start merging them by 4) substituting Z = (y, s) in (33) resp. Z = v.(z,t)
in (49), i) integrating over the respective independent variables (y, s) resp. (z,t),
and 1) summing the two resulting inequalities.

Consider the mollifier p € CZ5((0,1); [0, 00)) with [ p(r) dr already used in (7),

cpt
and define for 7 > 0 the scaled kernel p; := 2p(%). Let ¢ € CZ5,((0,7%);[0,1]) and
fix another even mollifier v € Cg5(Bi; [0, 00)) such that fBl v(z)dz =1. For 0 >0

let vp := 6%7(5). Now, since K C D is compact we can find a scale s. € (0, 1) such
that K is contained in D, := {x € D: dist(x,0D) > s.}. Moreover, because D
has a C? boundary 9D there exists (cf. [1, Lemma 5.4]) a sequence (&), and a
constant C' = C(D) such that

i) & € Hy(D;[0,1]), & = xp on {z € D: dist(w,0D) > h},
i) it holds [, V¢ - V&, dx > 0 for all ¢ € Hj(D;[0,00)),
iii) supp V&, C {z € D: dist(z,0D) < h}, and we have the bounds

ct g/ |Vép|dz < C, / V&2 de < ChL. (50)
D D

We then fix once and for all a scale h € (0, s,), and set ¢ := &,. Note that £ = 1
on K by the choice of s, and h. For purely technical reasons, we actually consider
in the following a mollified version of £&. Let & 1= ~; * & for [ > 0.

Let now y € R? and s € (0,7*) be fixed. We then define the test function

§(.t.9,5) = pelt=s)p (5 Jo(e-)&(3L), (w.1) €RIXO.T7). (1)

For this to be an admissible choice in (48) we need to restrict the range of the
various parameters. Assuming that

27 < min{inf supp ¢, T*—supsupp ¢} and 0 VI < SZC (52)

we observe £(-,-,y,8) € O (R¥x(0,7%);[0,00)) and is thus admissible for (48).

cpt
Moreover, for every x € R? and ¢ € (0,T*) the test function

Ely,s,x,t) :== E(x,t,y,8), (y,5) € RIx(0,T%) (53)

then also represents an admissible choice for (33) under the same restrictions (52)
on the parameters. We have everything in place to merge (48) and (33).

Testing (33) with the admissible test functions &(-,-,y,s) from (51) for every
(y,s) € R¥x(0,T*), integrating over (y,s) € R¥x(0,T*), then repeating every-
thing with (49) based on the admissible test functions £(-, -, 2, t) from (53) for every
(z,t) € R¥x(0,T*), and finally summing the two resulting inequalities (using in
particular that 7s is even) yields an estimate of the form

ERdt S ERporMcd + ERcorr + ERnoisc + ERcrror (54)
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for all (7,0,1) subject to (52), all § > 0 and all ¢, < 5. Here, we introduced for
convenience the abbreviations

T* T*
Ray = — / / / / 1 (v (2, 0)—ve (9, ) (O+0)E (2, 1.y, 5) dy s da d,
0 R2 JO Rd

RporMed

-/ " [ v [ 19 ) ) (o2 )= (3.9)

x &(z,t,y,s)dedtdy ds

+/OT /Rd/ * /Rd ns (vl (z, t) =02 (y, 5)) Au(x, t,y, 5) o di dy ds
/

/ / 0 (5, )2 (15)" (07" (2, 1)~ (3, )
0 R

Je
x £(z,t,y, s) dy ds dz dt
T* T*
Ry
= [T [ e 0P et

x &(x,t,y,s)dedtdy ds
)
T*/
T T 1
/ / / 71/2775 UE T t) vé(yvs))Ayg(x’tvyvs) ddedxdtv
rReJo JRd

T T
Ruoise = — / / / / Vﬁa UE Z, t ) x§($7t,y,5) dz dB;
0 R4 Jo
T T
/ / / / V775 = Us Yy,s ))Vy§($,t,y,5)dyst
0 R< JO R

0

ns (v (z,t)—v (y,s))Ayg(w,t,y,s) dy dsdz dt,

=)
FU

+

&
&

V2| Ve (

%c\

l\.')\)—\ M\H

I

*

1 8)|2(18)" (ve (1) —ve(y, 5))
x &(x,t,y,s)dydsda dt

b
=

T
/ / 2775 UE(:E t) vg(y,s))Axf(ﬂc,t,y,s) dxdtdyds
aJo

+ (

%

dyds

2=ve(y,s)

dz dt,
z=vc(x,t)

as well as

crror

/ /Rd/ Rd{ 15) (ve (2, ) —ve(y, 5)) —(ns) (v (2, 1) —vZ" (y, 5)) }

X (Agol") (@, t)E(w,t,y, 5) dzdt dy ds

/ [R / | A (vl 5) v, t) = o) (o5 5) = 1)}

x (AyvZ)(y, 8)§(y, s,x,t)dydsdadt

_/OT* /R /OT* /Rdm((u;)m-l—v;"‘l)(x7t)Vx£(x,t,y,s)
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Ve (2, 1) (ns) (ve(z, t)—ve(y, s)) de dt dy ds

_ /OT* /Rd /OT* /Rd m((uE) " =) (y, 5)V,E(y, 5,7, 1)

'Vvé(%s)(ﬂa) ( 2(y 5)7vs(x7t)) dydsdzdi.

Before we move on with removing the doubling in the time variable by studying
the limit 7 — 0 let us first perform some computations on the non-linear diffu-
sion term Rpormea and the correction term Reo. Exploiting that (ns)” > 0 and
¢ > 0, completing the square |Vv|*+|VoT|? = [Vo'—Vu?|? + 2V - VoI* and
integrating by parts entails that

= [T e ) (o2 ) o2 )¢ dady
Rd Rd.

= [T ) Ps) (o 6o ()€ oy
Rd Rd

< [ ]2 s (0 @) (5.) dadly
//m; Hz,t)—vE"(y, 5))2(Va - Vy)E da dy.

Since (Az+A,)(vo(z—y)&(5Y)) = We(ff—y)lﬁ_l(ﬂ)ﬁr(Hy)?AWa( y) and

(2Va - V) (o (z—9)a(5YL) = vo(z—y) A4 (F2)—&(3F2) 289 (x—y), we thus
obtain the estimate

« T
RporMed < / / / / s (U?(xvt)*v‘;ﬂ(yvs))
0 R4 JO R4

XpT(t—S)w(t; )79(56 y)Aéz( )dxdtdyds

=: RI()lo)rMcd'

The idea eventually is—after letting 7 — 0, § — 0 and removing the doubling in
the spatial variables (the latter by fine-tuning the scales § > 0 and [ > 0 as suitably
chosen powers of £V £)—to integrate by parts and to use the sign in condition i) for
the spatial test function £&. We will make this precise together with all the required
error estimates in a later stage of the proof. For the moment, we only wish to
mention that because of the convexity of ns and £ > 0 it holds

Reorr / /Rd/ /R —? 775 ve(x,t)— vé(y,s))(Ax—&-Ay){(a:,t,y, s)dxdtdyds
— R

corr*

The task therefore reduces to post-process the bound
ERdt < ER(O Med + ERC(I))H + Eansc + ERcrror (55)

with the remaining three terms left unchanged from the estimate (54). In a first
step we aim to remove the doubling in the time variable by letting 7 — 0.
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Lemma 9. Let the assumptions and notation of Subsection 4.2 until this point be
in place. Define the quantities

Rélt) = / /Rd /Rd% v (2, 1) —v2(y, 1)) vo (2 — y)€< ;ry>§t (t) dy dx dt,

(56)

Rytted = / } /R ) /R s (02" (@, ) =02 (,0) (0 (- A& (52 ) dy dz dt,
(57)

RO = [ [ [ (ot ) e A& (3L dyr
(58)

-
Rai= [ [ A0 (latioeto ) =) (o7 (2,02 1)} (659
x (Bger) (. e (e—)& (2 ) olt) dy dz
-
e[ A el =) = ) (o ()= 1)

< (8,07 (a9 (52 e0) dy da s

_/OT* /Rd /Rd m((u)™ =0 (2, 1)V, (79(55 ygl( )

’ Vva(x,t)(na) (Ue x,t)—ve(y,t

)t

. )
_/OT /R Ldm((uﬁ)mﬂ_v;’l—l)(y,tw (’yg(x y gl( )
) d

- Ve(y, t)(ns) (ve(y, t)—ve(z, 1)

dydxzdt

ydaxdt.
Then the estimate

ER}) <ER?

porMe

d +ER zl + EReir)or (60)

holds true for all (0,1) subject to (52), all 6 >0 and all €,é < 5.

Proof. Tt follows from (51) that (9;405)¢ = QDI(HTS)pT(t*S)’Yg(Ify)f_Z(%). In
particular, the singular terms as 7 — 0 cancel. Hence, it follows by Lebesgue’s
dominated convergence based on the regularity and the bounds for the Wong—Zakai
approximation v, from Lemma 4 and definition (22) of the shifted densities u{~ that

ERq — ER{) as 7 — 0. (61)

Relying again on Lebesgue’s dominated convergence due to the regularity and the
a priori estimates for the Wong—Zakai approximation u. from Lemma 4 and the
definition (22) of the shifted densities S, we may also easily pass to the limit 7 — 0
in all the terms on the right hand side of (55) except for the noise term Ry pise. More
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precisely, we obtain

ER(!) \iea = ERC) as 7 — 0, (62)
ER(). — ER®) . as T — 0, (63)
ERerror — ERé}rzor as 7 — O7 (64)

with the shorthand

m:/(LL*Mwwﬂ%me)

X (A$+Ay)(79(x y)fl( )) dy dx dt.

We proceed with the discussion of the noise term Ry.ise, and claim that as 7 — 0

B [ [ [ (e 0 0)e (65)
X 2(Vg-Vy )(’ygac Y)& ( ))dydmdt.

Recall that (A, +Ay)(ve(z—y)&(EY)) = 79( 2 Y)iA 7§f)+f(m+y)2Ayg(x )
and 2(V,-V ) (yo (z—9)&(552)) = yo(z—y) § A&G(552) =& (552 )2A7p (2—y). Hence,

the combination of (63) and (65) yields

ERgcl))rr + ERHOISG - EchZr (66)

as 7 — 0, which in view of (61), (62) and (64) entails the desired estimate (60).
Hence, it remains to verify (65).

To this end, we again define for A > 0 the cut-off p) := %ﬁ(X) by means of
a standard even cut-off function p € C5((—1,1);[0,00)) such that [ p(r)dr=1.
Furthermore, let X (y, s;2) := — fS+T Jra vns (vg(:v,t)—é)vmﬁ(x,t%s) dx dB; and
Y (z,t; 2) ft L Jravns(z—vz(y, s))Vyé(a, t,y, s) dy dB,. Hence, using that the
mollifier p is supported on the positive real axis, we may rewrite for all 7 > 0 subject
o (52)

Ruoise :/() R X(y75; )|z ve(y,s) dyd5+/ /Rd T, t; Z z=vc(z,t) dz dt.

Based on the argument given in Step 4 of the proof of Lemma 8, it holds

ER noise — hm E/ / / PA Ve y7 )X(y7s,2) d’édyds
RA

+ hm E/ / / p)\ ve(x,t)— )Y(x,t; z)dzdxdt
Rd
= hm ER( ) o+ hm ERZ?

noise”’

Hm

Observe that ERSO)lse = 0 since the bounded random variable vs(y, s) is measurable

with respect to Fs. Similarly, due to the fact that v.(x,t—7) is bounded and
measurable with respect to F;_, we may actually write for all A € (0, 1]

ERx(i)lbi = E/T* /Rd/RY(HJJ;Z){ﬁA(vs(x,t)—Z)—ﬁA(vg(x,t—T)—z)}dzdxdt.
(67)



FINITE TIME EXTINCTION FOR SPME WITH TRANSPORT NOISE 23

As a preparation for what follows, we present regularity estimates for Y. More
precisely, we claim that for all m,n > 1 there exists a constant C' > 0 such that
1

3 _s
(EHa;nV?YHSLgfm(Rw[07T]xR)) <Cr4, (68)

uniformly over all 7 subject to (52). For a proof of (68), it suffices to show that

ool

(E”afbv;cﬁyHif([mT];Li,z(RdXR))) < Caat™ 2, (69)

1
8

A wil _3
(E||8t82 VIY\@%([OVT];L?Z(RJXR))) < Cpar (70)

uniformly over all 7 subject to (52). Indeed, by passing through a fractional Sobolev
space in the time variable we may interpolate between the previous two estimates

to obtain E||8?LV§Y||§/Vf’J([O,T];L§ _(RAXR)) < Cs.577m579=2)  uniformly over all 7

subject to (52). In particular, fixing § = % in combination with Sobolev embedding
allows to deduce (68). For a proof of (69), we may appeal to the Burkholder—Davis—
Gundy inequality and the maximum principle bound (15), which imply the desired

estimate in form of (with the scaling in 7 resulting from p,)

A wil) 8
B0 VY[ Ls o.11:L5 (i xR))

T* t
<car [ JBlL
T R4 t—7 J Bg(x)

< thﬁT_4.
Similarly, one derives the estimate (70) with the scaling in 7 stemming from 9;p.
Let now f: R% x (0,7*) — [0,00) be a smooth and compactly supported space-
time mollifier. It then follows from (39) that f * uf satisfies pointwise

_ Yy |2 4
ViV, (-9 (5L))] dyds| arar

d(fxul ) = {Ax(f * (ul)™) + %I/2Ax(f * u?)} dt + vV, (f *ul) - dBy.

Applying It6’s formula to F, o (f xuf), F. := pr(¢Z' () — 2) € C(R), thus yields

K

FZ((f * u?)(m,t)) - FZ((f * uf)(x,t—T))
= [ PG )@ O {Ar = ™) + A ) f e (7

—T

[ IR )@ )9 P
t—T1 2

+/t VF;((f*u;_)(x,é))va:(f*uf:)(aﬁ,f)ng

for all x € RY, all t € (7,7%) and all z € R. The left hand side term of (71) repre-
sents a proxy for px (ve(z, t)—2z)—px (ve(x, t—7)—z) in (67). Substituting this proxy
into the right hand side term of (67), then inserting the identity (71), integrating
by parts once in the terms with second-order spatial derivatives, and exploiting
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Ito’s isometry for the third right hand side term of (71), we deduce that it holds

/ /Rd/ (2, t;2) F=((f * ul)(2,1)) fFz((f*u‘j)(x’t,ﬂ)}dzdxdt

- / /R d /R VoY (oti2)- [TF;«f*uf)(x,e))

X (f * Va(uS)™) (x,€) de dz dz dt

—E/ /R/ (2,1 2) /tTF”((f*u (. 0))

x (f xm(us )" Vul |?) (z,£) dedz dz dt

50 [ [vvesn [ (@)@

1
X §u2(f * Vyul )(x,0)dldz de dt

—E/TT* /Rd/R/ttT /Rd vons (2—ve(y, 8)) Vié(a, .y, s)

-V (F.o(f *xul))(z,s)dydsdzdzdt.

Based on the regularity estimates for Y, the estimates for u. from Lemma 4, and
the support properties of the test function &, we may let the mollifier f run through
a space-time Dirac sequence and pass to the limit. This updates (67) to

ERQ))\

noise

:_E/T */Rd/Razva(:c,t;z)~/;m(vs(m,f)—2)(<§)’(ﬂ?(%£))

X Vg(ui)™(x,0) dedzda dt

B[ [avrenn [ o026 0 w0)

1
X §V2V$u;_ (z,0)dédzdxdt

B[ [ovenn) [ 0o @)

x m(uS )™z, 0)|Veul | (z, ) A0 dz de dt

—E/ /Rd/82 xtz/ttTp)\(vswf 2)|C€q ( xf))|

m(ul )™ (2, 0)|Veul |2 (z, ) dedz da dt

" /TT* /Rd /R /; /Rd v (2=ve(y, 5)) Vo (@, t,y, 5)

- Vo (pa(ve(, s)—2)) dy ds dz dz dt
_. ER®? L ERWA L RO L mROA L g™ (72)

noise noise noise noise noise’

where we also integrated by parts in the z-variable to avoid derivatives of g (which
is required for A — 0).
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The upshot of the argument is now the following. Based on the regularity esti-
mates for Y, the estimates for u. from Lemma 4, and the support properties of the
test function &, we claim that it holds

lim lim Z ERWA — (73)

70 A—0 noise

We give details for the term ane, the other terms may be dealt with similarly.

By Holder’s inequality w1th respect to the exponents (q, q+1) q = 8, the bound
f ft Llg0)]dedt < Tfo lg(t)| dt, and the estimate (15), we obtain

E’RS))\’

noise
q

g+l _q
q>q+1

uniformly over all 7 subject to (52) and all A € (0,1]. By a change of variables
to switch from uf" to wu., the energy estimate (16), as well as the the regularity

) Va2 da dt

S T(EHBZYH%;CJYZ(R#X[O,T]XR)) ( Rd

estimate (68) for Y, we may deduce from the previous display that E|R(5) /\| <Cri

uniformly over all 7 subject to (52) and all X € (0, 1]. Hence, we obtain as claimed
lim,_,olimy_g ERE;Z)M =0.

It remains to consider the term Rr(l?lée However, after performing an integration

by parts it directly follows (the limits 7 — 0 and A — 0 are unproblematic by the
support properties of &, and the regularity properties of u. due to Lemma 4)

lim lim ERmee / / / —v? 15 (ve (2, 1) —ve (y, 1)) (1)
R¢ /R4

70 A—0 (74)
2V, V) (role-9)é(5Y) ) dydeadr.

The combination of (72)—(74) finally entails (65), which in turn concludes the proof
of Lemma 9 as already argued above. O

We continue with the proof of Proposition 5 taking care in the next step of the
error terms. More precisely, we may derive the following bound.

Lemma 10. Let the assumptions and notation of Subsection 4.2 until this point be

in place. In particular, recall the definition of the error term Réiﬁo, from (59). We
then have the estimate

ER() < Ck)I™H0 eV E)T + 0s5_0(1) (75)

for all (6,1) subject to (52), all 6 >0 and all €,é <

k
5
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Proof. We start estimating by Hoélder’s inequality

E\ / B L | e a—pa(5E)ew

< {(ms)' (ve(@, ) —ve(y. 1) —(ns) (2" (2, ) —vZ" (1)) } dy d dt’

1
2

< <E/0T /Rd /Rd ](U&)’(vs(l’,t)—vé(y,t))—(na)'(v?(x,t)—v;”(y,t))|2dydzdt>

. L 3
< LELEOT (3 [0 ] a0 w0 ) 18 ol o
(inf supp )2 0 R4

However, by the bounds (18) and (30), the convergence (31) and the fact that
sign(a—b) = sign(a™—b™) due to the monotonicity of r — ™ we infer by an
application of Lebesgue’s dominated convergence theorem based on the regularity
of the Wong—Zakai approximation u. from Lemma 4 that the term on the right
hand side of the latter bound vanishes as § — 0.

Recall that k£ < v, < uf on supp V.. Hence, we can estimate by means of (21)

(W)™ (a, t) =0l (a, 1)

S Xsupp Vo, sup (mfl)rmiavs(xat)*u? (:L’,t)|
re€fve(z,t),uf (2,1)]

S C(H)Xsupp Ve el

Xsupp V.

We may then estimate using also (19), the definition (22) of the shifted densities
us, IV e ey < [IVAllni @)l o ray < CU1 (which follows from Young’s
inequality and condition i) for the spatial cut-off £), ll¢ll o= (0,7+) < 1, a change of
variables z — x—v(B;—Bf), the fact that vl > & on supp Vv, and finally the a
priori estimate (16)

o [© [ [ o)

X Vo (2,t) - Vg (vg(sc—y)gl (L—;y)>4p(t) dy dz dt‘

< ClilailE/ / Xsupp Ve
0 R4

T 5
< C(r)I1o et <E/ / mu™ " (x, )| Ve (z, t)]? d:cdt)
o Jp
< C(r)ITTo e,

()™, )=l (@, )|Vl (2, 6)| dedt

Since the other two terms of Réﬁor can be treated along the same lines, we obtain
in total the asserted estimate (75). This concludes the proof of Lemma 10. g

We continue with the proof of Proposition 5. We have by now everything in place
to let 6 — 0 in (60). A straightforward application of Lebesgue’s dominated con-
vergence theorem based on the convergence in (31) and the regularity and bounds
for the Wong—Zakai approximations u. from Lemma 4 shows that by letting § — 0
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in (60) and using (75) it holds

ERY <ERY

porMed + ER(?’) + C( )l 19_1(5 \ é)q (76)

corr

for all (0,1) subject to (52), and all £,é < §. The updated terms in this inequality
are given by

z+y\ d
Rl(i2t)' / /RdV/Rd‘UExt —ve(y, t "7037 yfl( Qy)dt (t) dy dz dt,
Rl(;>30)rMed ::/ / / |’U2.n(.13,t) yv ‘90 79 r— y)Afl( )dy dx dt
Rd JRA
Corr: / / / 2|11E x,t)—ve(y,t |<p ~Yo(x— y)Afl( )dydxdt
Rd JRd

respectively. We may proceed with the next step which consists of removing the
doubling in the spatial variables. More precisely, the following holds true.

Lemma 11. Let the assumptions and notation of Subsection 4.2 until this point be
in place. Define the quantities

Ry = / //Ivsxt —ve(y, 1) o (2 —y)E () dt (1) dy dz dt,
Rd JRA
’

Riea = [ o [ o0 a2 (2.0)] A8 0) doat,
0 R4

-
1 _
Rgfc))lr = / So(t) / 77/2 |Us (f, t)-'Ug(!L‘, t) ’Afl (‘r) dz dt.
0 Rd 2
We then have the estimate
ER{) <ERD) g+ ERC) + C(r)I7107 (e v a) + C(r)I %0 (77)

corr

Jor all ¢ € CZ((0,T%);[0,1]) with |p|lwr.10,7+) < C, all (0,1) subject to (52) and
alle, e < 5.

Proof. By a straightforward estimate, we may replace in all three terms &(_Ty) by
& (-) and therefore update the estimate (76) to

ERS) <ERW |+ ERY, + C(r)I 707 (e vV E)T + Cl 30| plwinory  (78)

porMe
for all (0,1) subject to (52) and all ¢, < &, where
R{Datea = / / / E(y, )] (t)ve(z—y) A& (z) dy da dt,
Rd Rd

R [ At e Ad ) dydrds

respectively. We estimate using | A& p~ma) < V2711 ray €]l pe (ray < CLU72
(which follows from Young’s inequality and condition i) for the spatial cut-off £), a
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change of variables y — y+x, uS > k on supp Vv, and the bounds (19) resp. (16)
-
1 _
Bl - [ [ Ll 0-oe 0 p0aGE)
Rd

N
<cw [ /R L Tt t1=veta Do o) A& @) (0 dy o

<Cz—20E/ / / Yo (z—y / |Vve(ra+(1—r)y,t)| dr dy dz dt
R /R
k)™ 2QE/ / / / S (z—ry, t)|Vus (z—ry,t)|dzdy dtdr
R /R4
< C(r)l™ 29( / /mu (x,t)|Vue(z, t)|2dxdt>

< C(R)I720

for all (0,1) subject to (52) and all €, < §. Arguing along the same lines we also
get the estimate

‘ERéi)rMcd _E/O /Rd [ol (w,t) =" (2, t) | (t) A& (2) da:dt‘ < C(r)l%0

for all (0,1) subject to (52) and all £, < 5. Summarizing we then obtain the
desired inequality (77). This concludes the proof of Lemma 11. O

We continue with the proof of Proposition 5. The next step takes care of esti-
mating the non-linear diffusion term and the correction term.

Lemma 12. Let the assumptions and notation of Subsection 4.2 until this point be

in place. In particular, recall from the statement of Lemma 11 the definition of the
quantities R;‘Z)rMCd and Rgg)rr. Then there exists some 1(£) > 0 small enough and

some absolute constant C > 0 such that we have the estimate
ERD) 1o + BRE), < Cri+ O(k)I72(e V ) (79)
for all (0,1) subject to (52) resp. | < I(€), and all €, < &.

Proof. We first aim to replace v, resp. ve by C,iq O U resp. Ciq o ue in the two

terms RI(Ji)rMcd and Réilr. This can be done by an estimation similar to the proof

of Lemma 11, this time using in particular (7), (10) and EC? < oo, which yields
the bound

ER(50)rMcd + ER(5)

P corr

T* B
<-E / o(t) /R " 0 )™ (@, )~(CE o)™ (@, )] AG(x) du

r 1 2| (el el &
B[ o) [ 5 o) —(cE o us) o D] AG () dat
+ C(r)™2(e v )™

However, it follows from e, & < & that (¢Z" o u)™— (¢S o us)™ € H} (D) as well as
(¢5" ous)—(CE" oue) € HY(D). An integration by parts together with condition i)
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of the spatial cut-off function ¢ then entails

R( o)rMed + ER(5)

corr

: ‘E/o 0 /Rdwcz o)™ (1)~ (¢ 0 ue)™ (@, 1)] - V& (&) dardt

T* 1 oo, e 29 -
B[ e [ 5RVIGE o w) @)~ o ue)(at)] - V() dodt

+ ORI 2V &)
= ‘E/o o(t) /R VI 0 ue)™ ()~ (¢E 0 us)™ (@, 8)] - V(§~) () da dt

T* 1 oo, e 2 : 5
B[t [ VI o u)@ ) 0wt - VEE)(e) dr e
+ C(k)I7%(e Vv E)°.

It remains to bound the two terms featuring the difference V& —VE. By continuity
of translations in L?, however, together with the a priori estimate (16) we find some
small enough 1(£) > 0 such that

m+1

1<1§) = &—Elmme<r 2, (80)
holds true, and therefore in particular the desired estimate (79) for some absolute
constant C' > 0. O

We continue with the proof of Proposition 5. It is straightforward to estimate

.
_ER{)-E / 4w / / o2, £)—ve (2, D)o (2 —y)E(w) dy der dt| < O
o dt Re JRd

for all I subject to (80) and all p € C5,((0,7%); [0, 1]) with [[¢|lwr.10,7+) < C. In
summary, we thus obtain together with (79) the estimate

or = w [ o0 [ [ et el dydear
<C(ﬂ19 (e V)T + C(r)I2(e V &)™ + C(r)I730 + Cr (81)

for all p € ngt((o, T);[0,1]) with [[¢|[w1.1(0,7+) < C, all (6,1) subject to (52) resp.
(80), and all ¢,€ < 5.
(4

In the next step we take care of the term ERdt). Employing the same argument
leading to [8, (4.20)] (instead of using [8, Lemma 3.2] to treat the initial condition
we can also rely on the continuity down to ¢ = 0 thanks to Lemma 4) we infer that
the estimate (81) entails the bound (recall that the initial condition is deterministic)

B[ [ fola. D) =vely T o(o—y)é(a) dyda

/ / [02(2,0)—ve (3, 0) o (2 —y)é(x) dy da (s2)
I eV E) T + C(r)IT2(e VE)™ + C(rk)I320 + Cr
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for all T € [0,7%], all (6,1) subject to (52) resp. (80), and all ¢, &
estimate for all T € [x,T*] by means of (17), (19) and [|€]| L= (p) <

’E/D/D|Us(x,T)vé(y,T)h’e(xy)é(m)dyde/Dvs(x’T)Ué(x’T”f_(x)dx
SE/D/D|vé(y—|—x,T)—vé(x,T)he(y)g(x)dxdy

1
< COE / / / Vug (w=ry, T)lyo(y) da dy dr
o JRiJRA

< C(/{)GE/ ul " Vue| dr < C(k)EP0.
D

Since we may assume in this argument without loss of generality that ¢ < & (oth-
erwise, switch the roles of vz and v, in the previous estimate) we obtain together
with an analogous estimate based on the regularity of the initial condition and the
fact that £ =1 on K as well as € > 0 on D,

E/K |ve(z, T)—ve(z, T)| de
< / |ve (z,0)—ve(2,0)| dz + C (k)07 e Vv €)1 + C(k)72(e V €)” (83)
D

+ C(k)(eVE) PO+ C(r)I20+ Ck

for all T € [k, T*], all (0,1) subject to (52) resp. (80), and all ¢, < 5. As a
consequence of (21) and the triangle inequality, we may finally switch from v (-) =
G (us () = k4 Ca(uS ()—k) to K VuT () =k + (u?(')—/{)+, which yields

E/ | Vul (z, T)—kVuf(z,T)|dx

K

gE/ (o (2, T)—ve(w, T)| de + CLYD) (e V )"
K

< / |6V us (z,0)—k Vul (z,0)]dz + C(k)I 7107 (e Vv é)1 (84)
D

+CE)I2(EeVE +Cr)(eVE) PO+ C(K)I30+Cr

forall T € [k, T%], all (6,1) subject to (52) resp. (80), and all ¢, < &. We eventually
arrived at the last step of the proof.

In light of the right hand side terms in (84) we first define 6 := (¢ v £)+1, then
fix ¥ > 0 and ¢ > 0 such that 20 < «, 39 < f+1 as well as f+1+9 < ¢, and finally
define [ := (¢ V£)”. Choosing gy > 0 small enough, we can ensure that (6,1) satisfy
(52) resp. (80). Hence, these choices guarantee that we may infer from (84) a bound
of the type (23) with right hand side terms C(x)(V€)2? for some suitable exponent
¥ > 0. Choosing ¢; even smaller, if needed, we can avoid the dependence of the
constant on the data by sacrificing a power ¥}, which entails (23). This concludes
the proof of Proposition 5. (]
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4.3. Proof of Corollary 6 (L' convergence of shifted densities). Let § > 0 be
fixed but arbitrary. By the triangle inequality we may estimate

sup E/ [us( (T)|dz

Te (R, T*]

< sup E/ [ul (T) X fue () <y + [0 (T)X fus () <y Ao
TGNT

+ sup E/ |k Vul (x, T)—kVul (z,T) dz
Telk1*] JD
K

< 5. Hence, it follows from splitting D =
ds

(15) and (23) as well as the definition (22)

for all k € (0,7* A1) and all ¢,¢
K U (D \ K) together with the boun
of the shifted densities that

sup E/ lus ( (T)| dz
Te[k,T*]

<2LYD)k +2LYD\ K)(r V (1+]|[uo| p=(py)) + C(e VE)” + Ck
+ E/D 16\ (o ()+2)— V (o (2)+€)| da.
The term with the initial data is estimated similarly by
E/D |6V (ug(z)+e)—rk V (ug(z)+€)| dz < 2L4(D)k + LYD)|e—£|

for all Kk > 0 and all €, < 5. Choosing first x < 7 sufficiently small such that
(4LYD)+C0)k < %, we may then fix a large enough compact set K C D and some

small enough ¢ (x, K) such that the bound

sup E/ lus( (T)|dx <0

Te[T,T*]
holds true for all ¢, < eg3. This proves that the sequence of shifted densities
uf is a Cauchy sequence in the space C([r,T*]; L}(QxD,P ® L%)) for all 7 > 0.
The corresponding assertion in the space L([0,T*]; LY (Q2xD,P ® L£%)) is proved
similarly based on the additional estimate

E/ /|u —uf |dzdt
o Jp

< 2LYD)k(1+|uol| = (py) + (T*—K)  sup E/ lui (T)—uf (T)] dz.
Te[k,T*]

Let us denote the corresponding limit in L!([0, T*]; L (2x D, P ® L%)) by w.
On the other side, it follows immediately from the bound (15) that the sequence
of densities u. has a weak limit in the space L™ (Qrp+, Pr«; Lm+1(D)) which we

denote by @. It remains to verify that u = . To this end, let ¢ € C5, (D x [0, T7])
and A € Fp« be fixed. We then have

T T*
Exa / / (u—a)pdz dt = lim Ex / / (uf —u-)pdzdt.
0 D =0 0 D
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By a simple change of variables and the definition (22) we may write

/ / S—u)edrdt

= E/O /Rd ue(z,t) (p(x—v(B—B;), t)—¢(z,t)) da dt.

Exploiting (7), (10) and (15) we further estimate

‘E/ / uc(z,t) (¢(x—v(Bi—By), t)—¢(x, t)) da dt
0o Jra
< C||VollL=(pxo,r)e*ECs < Ce®.

Hence, we may infer that

EXA/ */D(u—u)¢dxdt:0

holds true for all ¢ € O (D x [0,77]) and A € Fr«. This shows that u = @ and
thus concludes the proof of Corollary 6. (]

4.4. Proof of Proposition 7 (Recovering the unique weak solution). Let a test
function ¢ € Cg (D) be fixed, and define K := supp ¢. Fix also an integer M > 1,
and let C, be the square integrable random variable of (10). Let ¢ € (0,1) be such
that {z € R%: dist(z, K) < 6} C D. Let ¢’ = &'(M,d) be the constant from (11).
By It6’s formula, the definition (22) and the fact that the u. solve (12) classically
we have for all ¢ < ¢’ and all measurable A € Fr« (cf. the argument in the first
step of the proof of Proposition 5)

Ex(c, <ary X4 / u (2, T)o(x) dz — Bxqe.<ary X4 / (up () +€) () dz
=Exqc, <M}XA/ / xt)+ Z/QA’U, (, ))qb(x)dmdt (85)

+ EX{CQSM}XA/ / vVul (z,t)p(x) dz dBy
o Jp
for all T' € (0, 7). Define the shifted test function

¢ (x,1) := pla—v(Bi—By)),

so that we obtain by a simple change of variables

Exte,cupa [ u (@ T)o() do ~ Bxie,canxa | (un(e)+€)o(o) do
D D
T m 1 2 <
— Exqe.<amxa (w2 (@, )50 Au(2,0) ) 6 (2 ) da dt (86)
0 D

T
+ EX{C(,gM}XA/ / vVue(z,t)pl (x,t) de dBy.
o JD

Note that as a consequence of (11) we have almost surely on {C, < M} for all
e <¢'and all ¢ € [0,7*] that supp ¢ (-,t) CC D. Hence, integrating by parts on



FINITE TIME EXTINCTION FOR SPME WITH TRANSPORT NOISE 33

the right hand side in (86) does not produce any boundary integrals so that after
reversing the change of variables we obtain the identity

EX{ca<M}XA/ ul (z,T)¢(x) dz — Exqc,<miXa /l)(uo(ﬂf)+€)¢($) dz
— Exc, <M}XA/ / (2,1 +;y u (z 7t))A¢(x) dz dt (87)

_EX{CQSM}XA/ /Vuf(x,t)V(b(x) dx dBs.
o Jp

We aim to pass to the limit ¢g > ¢ — 0 in all four terms. This is possible
by the convergence of the shifted densities uS™ in C([r,T*]; L}(Q2xD,PRLY)) as
well as in L([0,7*]; LY (2x D, P®L?)), see Corollary 6. Because of the uniform
bound (15) the convergence in L' can actually be lifted to convergence in any
L([0, T*]; LY (Qx D, P®L?)), q € (1,00), which makes the limit passage possible in
the non-linear diffusion term as well as the noise term (using for the latter, e.g.,
the Burkholder-Davis—-Gundy inequality). In summary, we obtain from letting
€g > € — 0 the identity

EX{CagM}XA/ u(z, T)é(r) dx_EX{CQSM}XA/l)UO(x)¢<x) dz
= Exqc. <M}XA/ / (x,t) + viu(z, t))AqS(:r) dz dt

_EX{CQSM}XA/ /uu(x,t)v¢(x)ddet
0 D

for all T € (0,7*). Since M > 1 as well as A € Fp« were arbitrary, and the
random variable C, is integrable, we thus recover (4). This concludes the proof of
Proposition 7 since the asserted bounds for u follow immediately from (15). g

5. FINITE TIME EXTINCTION PROPERTY

5.1. Viscosity theory: Maximal subsolution in a rough domain. From now
on we will restrict ourselves to the one-dimensional setting d = 1. To start we recall
some language from viscosity theory (cf. [7]). In particular, we aim to make precise
what we mean by a subsolution to the Cauchy—Dirichlet problem (24)—(26) of the
porous medium equation with two copies of a Brownian path as lateral boundary;
and analogously for the corresponding regularized problem (27)—(29).

In a first step, we introduce the relevant notions for the full space problem.
The porous medium operator in terms of the pressure variable is encoded by the
functional

F:[0,00) x RxR—=R, (r,qX)— (m-1)rX +|q* (88)

Let T* € (0,00] be a time horizon and p: R x (0,7*) — R be a function. The
parabolic semijet 7% p(z,t) of p at (x,t) € Rx(0,T*) is the set of all (¢, a, X) € R?
such that

p(y,s) < pla,t) +als —t) +qly — ) + %X(y — )’
o(|s—t| + ly—z|?) as R x (0,4 3 (y,s) — (z,1).

(89)
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Note that the condition in (89) is a slightly weaker test than the one of [7, (8.1)]
since we are only allowing for s < ¢. This minor technicality turns out to be
convenient proving that subsolutions to, say, (24)—(26) in the sense of Definition 14
below are also subsolutions to (90)—(91). Moreover, (89) is in accordance with the
definition of subsolutions in [6, Definition 1].

Definition 13. Let 7™ € (0,00] be a time horizon and py € Cg,(R;[0,00)) be
an initial pressure. An upper-semicontinuous function p: R x [0,7*) — [0,00) is
called a subsolution for the Cauchy problem of the porous medium equation with

initial pressure po

op = (m=1)pdyup + |0,p?, (,t) € R x (0,T%), (90)
p(z,0) = po(z), z €R, (91)

if it holds
a—F(p(x,t),q,X) <0 (92)

for all (z,t) € R x (0,7*) and all (g,a,X) € J%>Tp(z,t), as well as if it holds
p(z,0) < po(x) for all x € R.

In the language of [7], the functional a — F(r, p, X) encoding the porous medium
equation in terms of the pressure variable is not proper. But note that it is at
least degenerate elliptic. Since we will only deal with subsolutions (or for the
regularized problem with classical solutions), this is of no concern for us (cf. [6]
or [22] for a viscosity theory of the Cauchy problem of the deterministic porous
medium equation).

We continue with the notion of subsolutions to (24)—(26) (resp. (27)—(29)). Since
we have to incorporate Brownian paths as the lateral boundary, the following con-
structions are of course random. However, all results of this section turn out to be
purely deterministic consequences of the probabilistic facts (8), (9), (10) and (11).
In other words, we proceed with constructions to be understood in a pathwise sense.

The functional for the lateral boundary condition of the limit problem is simply
defined by C: R — R, r — r. The one for the regularized problem is given

by C.:R = R, r— r— %Em_l. We then introduce a lower-semicontinuous
functional
G :Rx(0,T*) x [0,00) x R* = R (93)
a—F(r,q,X), (2,t) € Use(o,re) (vBe+I) x {t},
(z,t,r,q,0,X) = (a—F(r,q, X)) NC(r), (2,1) € Useo,r)(vBe+01) x {t},
C(r), else,

encoding the equations (24) and (26). The corresponding functional for the regu-
larized problem, i.e., encoding (27) and (29), is given by

GZ:R x (0,T*) x [0,00) x R®* = R (94)

a— F(Ta%X)v (wvt) € Ute(o,T*)(VB§+I) X {t}a

z,t,r,q,a,X) —
( 1 ) {Cg(r), else.

Definition 14. Let T* € (0,00] be a time horizon, I C R be a bounded interval
and pg € Cg5,(1;[0,00)) be an initial pressure. An upper-semicontinuous function
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p: R x [0,T*) — [0,00) is called a subsolution for the Cauchy-Dirichlet problem
(24)—(26) with initial pressure o if

G7 ('1:7 t)ﬁ(m7 t)’ Q7 a’ X) S O (95)

holds true for all (z,t) € R x (0,7*) and all (¢,a,X) € J>*p(x,t), as well as if
p(z,0) < po(x) is satisfied for all z € R.

Analogously, we call an upper-semicontinuous function p.: R x [0,7*) — [0, 00)
a subsolution for the Cauchy-Dirichlet problem (27)-(29) if

G;(:c,t,ﬁs(z,t),q,a,X) S 0 (96)

holds true for all (z,t) € R x (0,7*) and all (q,a,X) € J*>*p-(x,t), as well as if
Pe(,0) < po () is satisfied for all z € R.

The reasons for relaxing (24)-(26) (resp. (27)—(29)) to the full space setting
are twofold. On one hand, working in this framework turns out to be convenient
when studying (any sort of) convergence of the subsolutions p. for the regularized
problem. On the other hand, we also want to exploit the established results from
the viscosity theory [6] (see also [22]) for the Dirichlet problem of the deterministic
porous medium equation (90)—(91).

We proceed with a list of intermediate results needed to prove the main result of
this work, Theorem 3. The corresponding proofs will be provided afterwards. The
first result concerns the construction of a subsolution to the regularized Cauchy—
Dirichlet problem (27)—(29).

Lemma 15. Given e > 0, let u. denote the unique weak solution to (12)—(14) with
initial density ug € C5(1;[0,00)) in the sense of Lemma 4. Define an associated
pressure function as follows:

ot Rx [0,T7) — [0, 00) (o)
(6.8) {m"ilus(xVBf,t)ml, (@) € Ureporey (WBF+1) x {1},

—m_gm—1 else.
m—1

On a set with probability one the following then holds true:
For each € > 0, the associated pressure p. is continuous and a subsolution of the

problem (27)—(29) with initial pressure po.(x) = %(uo(x)+s)m’1 in the sense
of Definition 14. Moreover, we have the bounds
m m—1 = m m—1
— < Pe(w,t) < m_1(5+||uo||Loo(1)) (98)

for all (z,t) € R x [0,T*). Finally, p is also a subsolution of the Cauchy prob-
lem (90)—(91) with initial pressure po(x) := - (ug(z)+e)™ " in the sense of
Definition 18.

In a next step, we construct on a set of probability one the maximal subsolution
(also referred to as Perron’s solution) pmax of the limit Cauchy—Dirichlet problem
(24)—(26) in the sense of Definition 14. Using standard arguments from viscosity
theory, the main issue is to establish the existence of a subsolution to (24)—(26).
This will be done by means of the technique of semi-relaxed limits.

Proposition 16. For each € > 0 let p. denote the subsolution of (27)—(29) as
constructed in Lemma 15. Define the upper semi-relazed limit (with respect to
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backwards parabolic cylinders)
psemi—rel(xv t)
= lim sup {pé(:% S) : (yv S) € Rx [07 T*)a (y7 S) € (.’E—€7 x—l—{-j) X (t_€27 t}}

—0 é<e

(99)

for all (z,t) € R x [0,T*). Then the following holds true almost surely:
The upper-semicontinuous envelope of Psemi—rel 1S a subsolution of (24)—(26) with
initial pressure po(x) := %uo(m)m*1 in the sense of Definition 14. Define

Pmax(z,t) := sup{p(x,t): p is a subsol. of (24)—(26), (x,t) € Rx[0,T7*)}. (100)

Then pmax(x,t) < 0o for all (z,t) € R x[0,T*), and Pmax 5 a subsolution of (24)-
(26) with initial pressure po(z) := —Tug(z)™ ! in the sense of Definition 14.
Denoting by pyisc € C(R x [0,T%)) the viscosity solution of (90)—(91) with initial
pressure po(z) := —"cug(z)™ ! in the sense of [6, Definition 4] we have

for all (z,t) € R x [0,T%).

A crucial estimate for the proof of Theorem 3 is the content of the following
result. The asserted bound is important in the sense that it serves to close the loop
between the pathwise constructions performed in this section and the unique weak
solution of the SPME (1)—(3).

Proposition 17. Letu € H;LIH(I) denote the unique weak solution of the Cauchy—

Dirichlet problem (1)—(3) with initial density ug € CS5,(I;[0,00)) in the sense of

cpt
Definition 1. Define an associated pressure function as follows:
p: R x (0,T") — [0, 00) (102)
(2, 1) s {(Tml (z—vBy, t)" 1, (;Cvt) € Ureo,r) (VBi+I) x {t},
) else.

Let Pmax be the associated maximal subsolution of the problem (24)—(26) as con-
structed in Proposition 16. Then, for all t € (0,T*) the bound

p(vt) Spmax(;t) (103)
holds true almost surely almost everywhere in R.

We have by now everything in place to proceed with the proofs.

5.2. Proof of Lemma 15 (Subsolution for the regularized problem). The assertion
that p. € C(Rx[0,T*)) follows from the definition (97), the regularity of the Wong—
Zakai approximation u. € C(I x [0,T*)) and that u. satisfies the lateral boundary
condition (14) (cf. Lemma 4) pointwise. Moreover, p.(x,0) = Po (x) holds true for
all x € R because of (97), suppug C I and u(z,0) = ug(x) + €. The upper and
lower bound of (98) is a direct consequence of again the definition (97) and the
upper and lower bound of (15).

We next have to show that (96) is satisfied for all (z,t) € R x (0,7*) and all
(g,a,X) € J*>*p-(z,t). The claim is trivial for (z,t) € Ute(o,T*)(VBf+I) x {t}.
Indeed, since u. solves (12)—(14) classically in I x (0,7*) and B¢ is smooth we
infer from (97), the chain rule and elementary computations that p. satisfies the
porous medium equation 0;p. = P-OzzPe + |0.P:|? classically in the open space-time
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domain U,¢ g 7)(WBi +1) x {t}. If (x,t) € U (0,7-)(wBi +(R\ 1)) x {t}, the claim
is again trivial by the definition (97) of p. and (94). This proves (96).

We finally have to show that (92) holds true for all (z,t) € R x (0,7*) and all
(g,a,X) € J**p-(x,t). By the previous reasoning, it just remains to consider the
case of a space-time point on the lateral boundary (z,t) € U,¢ o - (vB; +01) x {t}.
Without loss of generality we may assume that (x,t) sits on the upper part of the
lateral boundary. Let (q,a, X) € J>*p.(z,t) be fixed. Since p. satisfies the lateral
boundary condition (29) pointwise, it follows from the definition of the parabolic
semijet (89) that

— m m—1 q X 2
— < - = N
Pe(x—1/k,t) < p— A + 572 + o(1/k*)

as well as

m m—1 , 4 X 2
-+ — 1/k
m—1" mo1° Tx o TR
for all sufficiently large k£ > 1. Due to the lower bound in (98) we infer by adding
both inequalities that 0 < X/k? +o(1/k?) for all sufficiently large k¥ > 1. From this
we deduce that X > 0. Using once more (89) as well as that p. satisfies the lateral

boundary condition (29) pointwise it also holds

ﬁs(z7t71/k) S

Ml = po(x1/k,t) <

m—1 a
- — 1/k
p— T o(l/k)
for all sufficiently large k& > 1. Hence, by another application of the lower bound
in (98) we infer that 0 < —a/k + o(1/k) for all sufficiently large & > 1. In other
words, it holds a < 0. To summarize we have shown that

a— F(pe(x,t),q, X) = a — (m=1)pe(z,1) X — |¢* <0

is satisfied for all (z,t) € U, (o r)(vBi+01) x {t} and all (¢,a,X) € T*>*p(,t).
This proves (92) and thus concludes the proof of Lemma 15. O

5.3. Proof of Proposition 16 (Perron’s solution for the limit problem). First note
that 0 < Psemirel(z,t) < 00 is satisfied for all (z,t) € R x [0,T*) as a consequence
of (99) and (98). Since p.(x,0) = po.c(x) = 5 (ug(x)+e)™ ! for all z € R we
deduce that psemirel(r) = —“5uo(x) = pp(z) holds true for all z € R since
up is continuous and the semi-relaxed limit (99) is defined in terms of backwards
parabolic cylinders.

We aim to show that Psemirer satisfies (95) for all (z,t) € R x (0,7*) and all
(g,a,X) € J*>Tp(x,t). For this, we will proceed in two steps as follows. Consider
the lower-semicontinuous functional

m—1

Gl Rx(0,T%) x [0,00) x R®* - R (104)
a—F(r,q,X), (,1) € Use(o,ry (vBE+I) x {t},

(z,t,7,q,0,X) = { (a = F(r,q, X)) NCc(r), (2,1) € Upeo,r+) (vBF+0I) x {t},
Ce(r), else.

Since P, is a subsolution of (27)-(29) in the sense of Definition 14, it of course also
satisfies

G;lsc(‘r7t7]§€(m7t)vq7aaX) S 0 (105)
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for all (z,t) € R x (0,7%) and all (q,a,X) € J*Tp.(x,t). Now, define the lower
semi-relaxed limit functional

G_ (.’L‘,t, T? Q’a7 X)

semi—rel
o T - a s A YL * 3
= lim inf {G0(y: 8,748, X): (y,5) € Rx(0,T7)x[0, 00) xR, (106)
(y,s) € (x—e, x4¢e)x (t—e? 1], |(r—7,q—§,a—a, X—X)| < e}
In a first step, we check that Psemi-rel satisfies
G;emi-rel(xvtaﬁscmi—ml(xvt)a q,avX) <0 (107)

for all (z,t) € R x (0,7*) and all (¢,a,X) € J*" Psemi-rel(z,t). In a second step,
we identify the lower semi-relaxed limit G ; .., with the functional G~ defined
in (93) as a consequence of the uniform convergence (9).

The validity of (107) is a consequence of standard viscosity theory. More pre-
cisely, (107) follows as a combination of [7, Lemma 6.1], [7, Remark 6.3] (for the
purpose of subsolutions, the equations do not have to be proper) as well as the
applicability of [7, Proposition 4.3]. Hence, let us show that G___; ., =G".

Due to the uniform convergence (8) and the definitions (93), (104) and (106) the
statement is clear for space-time points (z,t) ¢ ;e 7+)(vBi+01)x{t}. Hence,

let us fix a point (z,t) € U, (g, p+)(vBi+0I)x{t} and an € > 0. Let
.(e) :=sup{0 < é < e: v|Bi —By| < £/2}.

Note that £, > 0 because of the uniform convergence (8). We then have

lim inf (a—F(,4,X))AC(7) < G x,t,r,q,a,X)

c50 (7.3,8,%) semifrel(

<lm inf (a—F(7,4,X)) ACe,o(7),
e—0 (7,g,a,X)
and where both inner infima run over all points (7, 4, @, X) € [0,00) x R? such that
((r—7,q—G,a—a, X—X)| < e. Tt follows that GL__._ . (z,t) = G~ (x,t) as claimed.

We have shown so far that psemi-rel Satisfies all conditions of Definition 14 except
of being upper-semicontinuous on R x [0,7*). Since Psemirel is subject to (95), it
is a classical fact of viscosity theory that also its upper-semicontinuous envelope
satisfies (95). (A rigorous argument consists of applying [7, Lemma 6.1] to a con-
stant sequence.) It remains to check whether the upper-semicontinuous envelope of
Dsemi-rel Satisfies the initial condition with respect to pg := %uglfl. This follows
from the following reasoning.

Consider the classical solution (and therefore also viscosity solution in the sense
of [6, Definition 4]) pS;.. of (90)-(91) with initial pressure po . := —c(ug+e)™ '
Because of (8), we can choose almost surely a space-time cylinder Q@ = Q(B°)
such that the parabolic closure of (J;¢ (g 7+ (vBf +1)x{t} is contained in Q. By
the maximum principle, p$,.. is also subject to (98) on R x [0,7*). In particular,
DS, dominates p. on the parabolic boundary of (). Since p. is continuous and a
subsolution of (90)—(91) by Lemma 15, it follows from [22, Lemma 2.5] that

pE(‘T> t) < p\E/isc(x7 t) (108)
for all (x,t) in the parabolic closure of @, hence for all (z,t) € R x [0,7*) by
expanding @ to R x [0,7%). Since pS;.. \¢ Pvisc With pyisc € C(R x [0,7*)) being

m

the viscosity solution of (90)—(91) with initial pressure po(z) := —<ug(z)™ ! in
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the sense of [6, Definition 4], cf. the proof of [6, Lemma 2.2], we obtain together
with (108) and an application of Dini’s theorem the bound

ﬁsemi—rel(ma t) < lim sup {piisc (y, 5) : (y, S) € (1'75’ :E+8) X (t7€27 t]}
e—0 é<e

< glg(l) sup {pSisc (¥, 8): (y,8) € (v—¢,z4¢)x (t—%, 1]}
< lim pliela.)

1 sup { [P (9 5) P ()5 (5,5) € (5, x (b2, ]}
< Ppuise(, 1) (109)

for all (x,t) € R x [0,T*). However, since we already proved that psemi-rel(z,0) =
%uo(x)m’l = Pyisc(2,0) and pyise is continuous, it follows that also the upper-
semicontinuous envelope of Psemirel attains the initial condition. Hence, it is a
subsolution of (24)—(26) in the sense of Definition 14.

We continue with the verification of the claims regarding pmax. To this end,
consider first an arbitrary subsolution p of (24)—(26) with initial pressure py :=
%ugl_l in the sense of Definition 14. The argument showing (109) more generally
proves that

ﬁ(m,t) < pvisc(xat) (110)

is satisfied for all (z,t) € R x [0,7%). Hence, since we already established the
existence of a subsolution to (24)—(26) the definition of Pax is meaningful, and the
asserted bound (101) then follows at once from (110). In particular, Prmax < 0o is
satisfied on R x [0,7™). That pmax is subject to (95) is once again a classical fact
from viscosity theory, see [7, Lemma 4.2]. Moreover, as we have already argued
for the semi-relaxed limit pgemi-rel, it then follows that the upper-semicontinuous
envelope of Pmax constitutes a subsolution of (24)—(26). However, by the definition
of Pmax we may then infer that ppa.x is actually equal to its upper-semicontinuous
envelope; in particular, a subsolution of (24)—(26) in the sense of Definition 14.
This concludes the proof of Proposition 16. ]

5.4. Proof of Proposition 17 (Comparison of transformed weak solution with
viscosity solution). It obviously suffices to prove that for all ¢ € (0,7*)

p(‘,t) Sﬁsomi—rcl(',t) (111)

almost surely almost everywhere in R. By definition of p, see (102), and since we
have Psemirel > 0 it moreover suffices to show that (111) is almost surely satisfied
for all ¢t € (0,T*) almost everywhere in vB; + I.

We aim to exploit Corollary 6, i.e., that the unique weak solution u of (1)—(3)
can be recovered by means of the Wong—Zakai approximations u. from Lemma 4,
at least after employing an additional time-dependent shift (22). So fix an integer
M > 1 as well as some k > 0. Let C, be the square integrable random variable
of the estimate (10). Let finally € > 0 be fixed, and denote by & = &'(M,¢) the
constant from (11).
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We then have by means of the estimate (11) that

o 1ué(x_VBt7 t)mil

= mnz 1Ué((x—l/(Bt_Bté)) - I/Bf,t)"k1
< sup {Pe(y, s): (y,5) € RX[0,T), (y,5) € (x—e,x+e)x (t—,1]} (112)
— Po(a,t)

almost surely on {Co < M} for all € < eAc’ and all (z,t) € Uyg (o, pe) (vBet]) x {t}.
Fix t € (0,7%), let ¢ € Cg(vBi+1;[0,00)) be an arbitrary test function and let
A € Fr-. It follows from (112) that

. m _
0< EXAm{cugM}/ ¢($+VBf)m“§_($>t)m Ldw
R (113)
< Bxancocm [ 0@)P.la,t)do
R

forall ¢ <eAe';allt € (0,77), all ¢ € CZF (vBy+1;]0,00)) and all A € Fr-. As a
consequence of the bound (113), the convergences in (9) resp. Corollary 6 as well
as the definition (99) of the semi-relaxed limit Psemi_rel, we thus obtain the estimate

0< EXAm{cagM}/RMff)

p— 1u(x—uBt, )™t da

(114)
SEXAO{CQSM}/ () Psemi-rer (2, t) dz
R

for all t € (0,7%), all ¢ € O (vBi+1;[0,00)) and all A € Fr~. Since the test
function and A are arbitrary, we deduce that the following bound holds true for all
t € (0,7*) almost surely on {C, < M} almost everywhere in vB;+1:
; m
p('» ) - m—1

Since M > 1 is arbitrary, and the random variable C, is integrable, we may infer
from this the desired bound (103). This concludes the proof of Proposition 17. O

u( 7Z/Bt, t)mil S ﬁscmi—rd('? t)

5.5. Proof of Theorem 3 (Finite time extinction with probability one). Let
pvisc € C(R X [0,00)) be the unique viscosity solution of (90)—(91) with initial
pressure po(z) := —"-ug(z)™ ! in the sense of [6, Definition 4]. Since the time
horizon T < oo was arbitrary in Proposition 16 and Proposition 17, we have con-
structed almost surely a (maximal) subsolution pmax of (24)—(26) on R x [0, 00) in

the sense of Definition 14 such that it holds almost surely
pmax (ma t) S DPvisc (37, t) (115)
for all (x,t) € R x [0,00), as well as for all t € (0, c0)

p(z,t) < Pmax(z, t) (116)
almost surely almost everywhere in R, where p is defined on R x (0, 00) via (102)
based on the unique weak solution of the Cauchy—Dirichlet problem (1)—(3) on

R x (0,00) with initial density wug.

Next, we choose a delayed Barenblatt solution B (written in terms of the pressure
variable) with free boundary 9I at ¢ = 0 and which strictly dominates the initial
density, i.e., {B(-,0) = 0} = 01 and up < B(-,0) on I. The free boundary associated
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to the Barenblatt solution B can then be written as Ute[O,oo)(Mt T +0I)x{t} for
a constant M = M (ug) > 0 depending only on the initial density.

We remark that the Barenblatt solution B is a viscosity solution of (90)—(91) in
the sense of [6, Definition 4] strictly dominating pyisc at ¢ = 0 in the sense of [6,
Definition 5]. Hence, it follows from the comparison principle [6, Theorem 4.1] that
almost surely

Dyisc(z,t) < Bz, t) (117)

for all (z,t) € R x [0, 00).

Let M > M be fixed but otherwise arbitrary, and define the stopping time
Totinet 1= inf{t > 0: |B;| > Ll(I)—f—Mtﬁ} as in the statement of Theorem 3. Fur-
thermore, fix T' € (0, 00) and consider Ar = {Textinct < T}. Note that Toxtinet > 0.
By almost sure continuity of B; and since M > M : there is almost surely on Ar
some t, € QN (0, 7] such that |By, | > £'(I) + Mt;"'. As a consequence of (115)
and the choice of M, we deduce that almost surely on Ar it holds Pmax (-, tq) = 0.
Moreover, (116) entails that almost surely we have p < pyax for all ¢ € Q N (0, 00)
almost everywhere in R. Hence, we may deduce that flT C {Toxtinet < T} up to
some P null set. This proves the desired bound (6).

Finite time extinction with probability one now follows from standard prop-
erties of Brownian motion. Indeed, assume that we have P(Textinct < o00) < 1.
There would then exist a constant C' < co such that on a set with non-vanishing
probability it holds 0 < t’%|Bt| < C for all t € (1,00); a contradiction. Hence,
P(Textinct < 00) = 1 which also by (6) entails that P(Textinct < 00) = 1.

It remains to prove that u(-,T") vanishes almost surely almost everywhere in I
from the stopping time Thyinet onwards. So let T € (0,00) be fixed. We infer from
(115) together with (117) that almost surely Pmax (-, Textinet) = 0. In addition, we
note that prayx is almost surely a subsolution of (90)—(91) on R x [0, co) with initial
pressure po(z) := —ug(z)™ ! in the sense of Definition 13. For a proof, the only
non-trivial case is that of a lateral boundary point (z,t) € U,¢(g,00)(vBe+1)x{t}
such that C(Pmax(2,t)) = Pmax(z,t) < 0. Since pmax(z,t) > 0 by construction, it
follows that Pmax(z,t) = 0. From this point onwards one may argue as for p. in
the proof of Lemma 15.

However, once a subsolution became trivial it stays trivial (by comparison with
the trivial viscosity solution). We deduce that pmax(-,T) = 0 is satisfied almost
surely on {T" > Tcxtinct}. The claim thus follows from another application of (116).
This concludes the proof of Theorem 3. (]
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