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„ If people do not believe that mathematics is
simple, it is only because they do not realize how
complicated life is.

— John von Neumann
Mathematician (1903 – 1957)
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Abstract

In the present work we study a subclass of weak solutions of the
3D Navier–Stokes equations, the so-called local suitable weak solu-
tions due to Wolf [31]. This notion of solution does not require a
globally defined pressure field. Instead, based on an existence result
for the forced steady Stokes system we work with a local pressure de-
composition of the form p = ∂t ph +p0, where ph is harmonic. This
particular structure is also reflected in the corresponding local en-
ergy inequality for local suitable weak solutions.

A very important feature of this construction is that decay esti-
mates for the pressure fields can be expressed in terms of the veloc-
ity field alone. We make use of this in order to study the (interior)
local regularity of local suitable weak solutions. Our main result in
this context is a local L∞-bound for the velocity field in terms of the
rescaled maximal kinetic energy, i.e. the rescaled L2,∞-norm of the
velocity field over some parabolic cylinder in space-time. An anal-
ogous estimate also holds for the spatial derivatives of the velocity
field.
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1 Introduction

In this work, we discuss a result related to the local ε-regularity theory for
the 3D Navier–Stokes equations

(1.1)

{
∂t u−∆u+div(u⊗u) =−∇p,

div u = 0.

More precisely, we will study the 3D Navier–Stokes equations in a space-
time cylinder denoted by Q =Ω× (a,b), whereΩ always represents some
domain in R3. In the system (1.1), we denote by u : Ω×(a,b) →R3 the un-
known velocity field and by p : Ω×(a,b) →R the unknown scalar pressure
field.

Before we overview some notions of solutions attached to the Navier–
Stokes equations, let us introduce related important function spaces. In
the following, we denote by C∞

c (Ω) the space of all smooth and compactly
supported functions and by C∞

c,σ(Ω) the subspace of all solenoidal fields,
i.e. C∞

c,σ(Ω) = {
φ ∈C∞

c (Ω) : div φ= 0
}

. Furthermore, we write L2
σ(Ω) (resp.

W 1,2
0,σ(Ω)) for the closure of C∞

c,σ(Ω) in L2(Ω) (resp. W 1,2
0 (Ω)), where Lp (Ω),

W k,p (Ω) and W k,p
0 (Ω) are the usual Lebesgue and Sobolev spaces. We

also use Lp
0 (Ω) to denote the subspace of all Lp -functions which integrate

to zero over Ω. Finally, for a real Banach space X we use Lp (a,b; X ) to
denote the Lebesgue–Bochner space. In case X = Ls(Ω) we denote the
associated norm by ‖ ·‖Ls,p (Q).

1.1 Notions of solutions

In this work, we will solely present and prove interior regularity results.
In particular, we will typically not be concerned with any kind of initial
and boundary data. Furthermore, our method works without the need
of a globally defined pressure field. Therefore, we decided to give the
following definition for a weak solution of the Navier–Stokes equations.

Definition 1.1. Let u : Q → R3 be a measurable function. We say that u
is a weak solution of the Navier–Stokes equations (1.1) in the space-time
cylinder Q =Ω× (a,b) if

(1.2) u ∈ L∞(
a,b;L2(Ω;R3)

)∩L2(a,b;W 1,2(Ω;R3)
)
,

the equation div u = 0 holds in the sense of distributions and, for all test
functionsϕ ∈C 1

c

(
(a,b);C∞

c,σ(Ω;R3)
)
, it holds

(1.3) ♦−
∫
Q

u ·∂tϕ dxdt +
∫
Q

∇u : ∇ϕ dxdt −
∫
Q

(u⊗u) : ∇ϕ dxdt = 0.
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Remark 1.2. The verification of existence of weak solutions is due to Leray
and Hopf [14, 11]. In fact, the constructed solutions exist globally in time
and possess more properties than our definition initially requires, e.g. an
energy inequality in terms of the initial kinetic energy. The correspond-
ing notion of weak solution is then known under the name of Leray–Hopf
solution (cf. [6]). ♦

When it comes to local and partial regularity results for the Navier–
Stokes equations, the notion of a suitable weak solution is commonly
used throughout the literature. Inspired by ideas and results due to Schef-
fer [18, 19], Caffarelli et al. eventually established it in their celebrated
paper [1]. Here, we present a version which is due to Lin [15].

Definition 1.3. Let u : Q → R3 and p : Q → R be measurable functions.
We call the pair (u, p) a suitable weak solution of the Navier–Stokes equa-
tions (1.1) in the space-time cylinder Q =Ω× (a,b) if

u ∈ L∞(
a,b;L2(Ω;R3)

)∩L2(a,b;W 1,2(Ω;R3)
)
,(1.4)

p ∈ L
3
2 (Q),(1.5)

the system (1.1) is satisfied in the sense of distributions and the following
generalized energy inequality holds

(1.6)

∫
Ω

|u(t )|2φ(t ) dx +2

t∫
a

∫
Ω

|∇u|2φ dxds

≤
t∫

a

∫
Ω

u2(∂tφ+∆φ) dxds +
t∫

a

∫
Ω

(|u|2 +2p
)
u ·∇φ dxds.

for a.e. t ∈ (a,b) and every non-negative test function φ ∈C∞
c (Q). ♦

The occurring integrability condition for the pressure does not con-
stitute the only possibility. For instance, in [1] the authors work with the
condition p ∈ L5/4(Q). A clarification on this matter is given in [13]. Let us
say at least that the answer is directly connected to the question, in which
sense one can associate a pressure field to a weak solution of the Navier–
Stokes equations, if this is possible at all. (Remember that the definition
of a weak solution itself gives no information on the pressure.)

In the present work, roughly speaking we are working with a hybrid
of weak and suitable weak solutions. This stems from the fact that we
want to obtain results which do not require any assumptions on the do-
main. Therefore, the notion of a suitable weak solution is too strong in
the sense that in this situation there may be no globally defined pressure
as it is required in the definition (cf. [5]). Instead, we will work with a local
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pressure decomposition of the type p = ∂t ph +p0. This construction can
already be worked out within the class of weak solutions.

On the other side, the notion of a weak solution as we defined it here
is too weak in the sense that it gives us no sufficient control of the local
energy (cf. the corresponding discussion in [31]). But this is exactly what
an energy inequality of the form (1.6) provides us. Consequently, it is
natural to work out a localized version of (1.6) which then also reflects
the local pressure decomposition mentioned before.

Note that in our context a local pressure representation encoded in
terms of the velocity field alone is in fact an indispensable ingredient for
the method. Indeed, energy inequalities are typically derived by testing
the system against the solution itself. In the local case, one additionally
multiplies the solution by a smooth cut-off function. But the solution
times an arbitrary test function of course does not produce in general a
solenoidal field. Hence, an integration by parts in this context would re-
quire global knowledge of the pressure field as it does not drop out as in
the case of weak solutions. To bypass this problem is exactly the purpose
of the local pressure decomposition.

All in all, these ideas will eventually lead us to the notion of a local
suitable weak solution due to Wolf [31]. Related ideas and “precursors”
already appeared in [29, 30]. A rigorous definition and further details will
be provided later in the text as this is exactly the content of Section 2.

1.2 Scaling symmetry of Navier–Stokes flows

Let us first take a look at smooth solutions u : Rd × [0,T ) → R of the heat
equation

ut −∆u = 0,

i.e. we consider the linear part of the Navier–Stokes equations ignoring
the pressure for the time being. More precisely, we want to study the scal-
ing properties of u and related energy quantities (cf. for the discussion in
this subsection the blog post of Tao [26]).

It is immediate to verify that for all scaling parameters λ> 0 the func-
tion

uλ : Rd × [0,λ−2T ) →R, (x, t ) 7→ u(λx,λ2t )

is again a smooth solution of the heat equation. In other words, the heat
equation is scale-invariant (or obeys a scaling symmetry) with respect to
the dilation scaling

Sλ : Rd ×R>0 →Rd ×R>0, (x, t ) 7→ (λx,λ2t ),
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which is also called the parabolic scaling of space-time Rd ×R>0. If one
thinks of λ as being small, then this operation simply represents a kind of
ideal microscope which enables us to zoom in on the “small scales” and
to study the behaviour of the solution u at these scales via uλ. As the heat
equation is linear, we also obtain a scaling symmetry for every α≥ 0 via

Sλ,α : Rd ×R>0 ×R→Rd ×R>0 ×R, (x, t ,u) 7→ (λx,λ2t ,λαu),

i.e. we also included a scaling factor for the dependent variable u ∈R.
Now, under appropriate conditions for the behaviour of the solution

at infinity, a simple integration by parts shows that the maximal kinetic
energy

(1.7) esssup
t∈[0,T )

1

2

∫
Rd

|u(x, t )|2 dx

and the cumulative energy dissipation

(1.8)
1

2

T∫
0

∫
Rd

|∇u(x, t )|2 dx

are bounded by the initial kinetic energy

(1.9) E = 1

2

∫
Rd

|u(x,0)|2 dx <∞.

In other words, both terms are globally controlled by the initial kinetic en-
ergy. If we now rescale u to uλ,α via the dilation scaling Sλ,α, the change
of variables formula implies that the maximal kinetic energy and the cu-
mulative energy dissipation of uλ,α are bounded by

λ2α−d E .

Hence, if α > d/2 we observe that the control of the solution through
the kinetic energy and the energy dissipation more and more improves
as we move into the small scales. On the other side, ifα< d/2 both quan-
tities lose their appeal for the study of the behaviour of u at small scales
as they may be less and less able to control the solution. Finally, in the
remaining regime α = d/2 both quantities make no difference between
small and large scales.

In the first case, we say that the maximal kinetic energy and the cu-
mulative energy dissipation are subcritical quantities (with respect to the
scaling Sλ,α). In the second case, we call them instead supercritical quan-
tities and in the last one critical quantities. Of course one may insist at
this point that for the heat equation these considerations may not be too
important due to the linearity of the problem. But this changes severely
when one studies the Navier–Stokes equations.
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In order to justify this, we consider in analogy to above the following
scaling map

Sλ,α : R3 ×R>0 ×R3 ×R−→R3 ×R>0 ×R3 ×R
(x, t ,u, p) 7−→ (λx,λ2t ,λαu,λα+1p),

which also acts on the dependent variable p ∈R and reflects the fact that
the velocity field is vector-valued. A simple calculation shows that if we
rescale a smooth solution (u, p) of the 3D Navier–Stokes equations (1.1)
with respect to the dilation scaling Sλ,α, the resulting pair of functions
(uλ,α, pλ,α) then obeys the system

(1.10) ∂t uλ,α−∆uλ,α+λ−α+1 div(uλ,α⊗uλ,α) =−∇pλ,α.

We observe that due to the presence of the non-linearity in the Navier–
Stokes equations, we obtain a condition for the parameter α ≥ 0. As a
matter of fact, unless one takes α= 1, the scaling map Sλ,α does not gen-
erate a scaling symmetry on the level of the PDE! This is in strong contrast
to the situation above, where α ≥ 0 can be considered as a free parame-
ter which itself is an artefact of the linearity of the heat equation. Just as
bad, α= 1 corresponds in 3D to the supercritical regime for the maximal
kinetic energy and the cumulative dissipation energy. On the other side,
roughly speaking these are up to now the only known quantities which
can be controlled globally in the three-dimensional case, which in turn is
one of the main reasons why 1.000.000 $ are still awaiting to be awarded.
(Note also that in the two-dimensional situation α = 1 corresponds ex-
actly to the critical regime for these quantities.)

As said above, in this work we study the local regularity (or more pre-
cisely, the local boundedness) of a certain subclass of weak solutions to
the Navier–Stokes equations. As the Navier–Stokes equations are invari-
ant with respect to the dilation scaling Sλ,1, it seems to be natural to con-
sider those quantities in the formulation of regularity conditions which
are invariant with respect to this scaling (cf. [21]).

Before we finally list some of these, let us introduce the following no-
tation. For a point in space x ∈R3 and R > 0, we write BR (x) for the open
ball with centre x and radius R, i.e. BR (x) = {y ∈ R3 : ‖y − x‖2 < R}. Fur-
thermore, we denote by QR (x, t ) the parabolic space-time cylinder with
top-centre point (x, t ) ∈R3 ×R and radius R > 0, i.e.

QR (x, t ) = BR (x)× (t −R2, t ).

If there is no danger for confusion, we occasionally suppress in the no-
tation the dependence on the centre points and simply write BR and QR ,
respectively.
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With this notation at hand, examples of (local) scale-invariant (or in
the terminology from above, critical) quantities in 3D are given by:

1

R
esssup

s∈(t−R2,t )

∫
BR (x)

|u(y, s)|2 dy ,(1.11)

1

R

∫
QR (x,t )

|∇u(y, s)|2 dyds,(1.12)

1

R2

∫
QR (x,t )

|u(y, s)|3 dyds,(1.13)

1

R3

∫
QR (x,t )

|u(y, s)|2 dyds.(1.14)

In analogy to above, we will call the first one the rescaled maximum ki-
netic energy. It is also exactly the quantity we want to use in this work
when formulating regularity criteria. The second quantity is called the
rescaled cumulative dissipation energy.

1.3 Local regularity theory & main results

At the beginning, we want to review some parts of the theory of suitable
weak solutions before we move on to state the main result of this work.
We take as a starting point the partial regularity result due to Scheffer [18,
19], which loosely speaking states that there exists at least one weak solu-
tion such that the set of singular points has finite 5/3-dimensional Haus-
dorff measure. Here, a space-time point is called singular if the velocity
field is not essentially bounded in any neighbourhood of that point.

In the celebrated paper of Caffarelli et al. [1], this result was signifi-
cantly improved. In fact, it is shown that for all suitable weak solutions
the one dimensional (parabolic) Hausdorff measure of the set of singu-
lar points vanishes. This still provides the best bound for the Hausdorff
dimension of the set of singular points.

Such partial regularity results are proved by means of interior local reg-
ularity results for the Navier–Stokes equations. These results can be cate-
gorized into two types. (The following presentation closely resembles the
discussion in [20].) The first type of statement contains an explicit small-
ness assumption on the pressure, whereas the second type appears to be
independent of the pressure at first glance. Of course, this is wrong, but
let us delay the discussion of this fact for the time being.

Certain is that for both types scale-invariant quantities take on the key
role. The examples given at the end of the last subsection do not incor-
porate the pressure. But as the pressure is globally defined for a suitable
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weak solution, there is no reason why one should ignore it in general. For
instance, in view of the definition of a suitable weak solution it is natural
to consider the quantity

F (R) = 1

R2

∫
QR (0,0)

|u|3 +|p| 3
2 dxdt .

Then, the following result holds which is a prototype for the first kind of
local regularity statements:

Let (u, p) be a suitable weak solution of the Navier–Stokes equations in
the unit parabolic cylinder Q = Q1. There exists absolute constants ε > 0
and C > 0 such that whenever F (1) < ε, then u is bounded on the closure of
Q1/2 by C . Furthermore, u is Hölder continuous on the closure of Q1/2 with
respect to the parabolic metric.

For a proof of this, we refer to [1, 13]. A corresponding statement in-
cluding spatial derivatives of arbitrary degree can be found in [17].

On the other side, a prototype for the second kind of statements is for-
mulated in terms of the cumulative (local) dissipation energy

B(R) = 1

R

∫
QR (0,0)

|∇u|2 dxdt .

The first part of this result also already appeared in [1]. For an alternative
approach, one can consult Lin [15].

Let (u, p) be a suitable weak solution of the Navier–Stokes equations in
the unit parabolic cylinder Q =Q1. Then, there exist an absolute constant
ε > 0 such that if limsupR→0 B(R) < ε, then z = (0,0) is a regular point
of u. Furthermore, there is a radius 0 < R < 1 such that the velocity field
is Hölder continuous on the closure of QR with respect to the parabolic
metric.

As mentioned above, one may think that this theorem makes no as-
sumption on the pressure. But in this kind of local regularity statements,
this assumption is hidden in the definition of a suitable weak solution,
i.e. p ∈ L3/2(Q) and the magnitude of the radius R actually hinges on this
global information.

Another class of scale-invariant quantities which admit local regularity
results of the second type is given by the so-called Ladyzhenskaya–Prodi–
Serrin quantities

1

R
3
s + 2

l −1

(∫ 0

−R2

(∫
BR (0)

|u|s dx

) l
s

dt

) 1
l

,
3

s
+ 2

l
≤ 1, s ≥ 3.

There is an extensive literature on these quantities, e.g. [4, 12, 22, 24, 25].
Similar quantities involving the vorticity ω= curlu are treated in [10, 29].
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Now, let us finally state the main result of this work which is an interior
local regularity result for local suitable weak solutions. If one insists on
classifying our statement into one of the two categories discussed above,
then it would be the second one. But in our case, there really is no as-
sumption on the pressure, just because in our situation there is simply no
hope for a globally defined one. This has a price! It is a common feature
of interior local regularity results that in the absence of any assumptions
on the pressure, one may loose continuity for the time direction. There-
fore, one should label our theorem more precisely as a local boundedness
result.

Theorem 1.4. Let u be a local suitable weak solution of the Navier–Stokes
equations (1.1) in the space-time cylinder Q =Ω×(a,b). Then, there exist
absolute constants ε, K0 and K1 with the property that for all parabolic
cylinders QR =QR (x0, t0) ⊂Q

(1.15)
1

R
‖u‖2

L2,∞(QR ) ≤ ε2 =⇒


‖u‖2

L∞(QR/2) ≤ K0
R2

(
1
R ‖u‖2

L2,∞(QR )

)
‖∇u‖2

L∞(QR/2) ≤ K1
R4

(
1
R ‖u‖2

L2,∞(QR )

)
.

Furthermore, the velocity field is Hölder continuous in the spatial vari-
ables on the closure of BR/2(x0).

We want to emphasize that this result is not contained in any of the
works listed above, e.g. [10]. Again, this is simply due to the fact that we
do not incorporate any global control on the pressure which is present in
all of the works mentioned above.

Proof. The asserted bounds are essentially a combination of Theorem 4.1
and Theorem 5.1. The continuity statement follows immediately from
the discussion of Example 5.4. �

For more on local ε-regularity theory for local suitable weak solutions,
we refer to Wolf [31].

1.4 Structure of the thesis

The present work is organized as follows. In Section 2, we begin with the
notion of a local suitable weak solution. To this end, the already men-
tioned local pressure decomposition will be carried out based on a result
for the steady Stokes system. In order to motivate the generalized local
energy inequality occurring in the definition of a local suitable weak so-
lution, we prefer to give at first some purely formal computations in order
not to clutter the presentation through technical details. Afterwards, we
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will comment briefly on how to make certain steps rigorous in these for-
mal considerations.

Furthermore, we discuss the scaling properties of local suitable weak
solutions and the regularity properties of the pressure terms. We also in-
clude a warning example which shall remind us that in general we cannot
expect more regularity in the time direction than boundedness for a local
suitable weak solution.

Section 4 contains the heart of the presentation, i.e. a local L∞-bound
of the velocity field in terms of the rescaled maximum kinetic energy. For
this bound to hold, we have to assume that the rescaled maximum ki-
netic energy itself is sufficiently small. In other words, our bound rep-
resents a local ε-regularity result. For the proof of our local L∞-bound,
we invoke an inductive argument in the spirit of [1]. The induction basis
essentially follows from a Caccioppoli inequality which is tailored to this
purpose. This Caccioppoli inequality is the subject of Section 3. For the
induction step, we basically use the generalized local energy inequality in
conjunction with a suitable choice of test function. With view on (1.6), it
is somehow natural to think about the fundamental solution of the back-
ward heat equation in this context. More explanations and motivation
will be provided in Section 4.

In Section 5, we then prove the local L∞-bound for the spatial partial
derivatives of the velocity field. The proof can be based on a general local
boundedness result for the Navier–Stokes type system

∂t u−∆u+div(u⊗A) =−∇p, div u = 0,

where A is a bounded field. Therefore, we will first concentrate on this
system and then discuss the application. All proofs given in Section 5 are
somehow similar in style to what we already discussed before.

Finally, we collect in an appendix for reference purposes and better
readability some important techniques, results and constructions which
occur on different occasions throughout the text.



10

2 Local suitable weak solutions

In this section, we want to introduce and motivate the notion of a local
suitable weak solution of the Navier–Stokes equations. This notion was
first introduced by Wolf in [31] and requires some known facts about the
steady Stokes system. In this respect, it is fair to say that the following re-
sult on the steady Stokes system is the linchpin around which everything
eventually revolves in this work. For a proof of this result, see [7].

Proposition 2.1. Let U ⊂R3 be a bounded domain with C 1 boundary ∂U
and 1 < q < ∞. For every F ∈ W −1,q (U ,R3) there exist uniquely deter-
mined functions u ∈W 1,q

0,σ (U ,R3) and p ∈ Lq
0 (U ) such that

(2.1) −∆u+∇p = F

holds true as an equation in W −1,q (U ,R3). Furthermore, there exists a
constant c = c(q,U ) > 0 such that

(2.2) ‖∇u‖Lq (U ) +‖p‖Lq (U ) ≤ c‖F‖W −1,q (U ).

In particular,

W −1,q (U ,R3) =W −1,q
div (U ,R3)⊕W −1,q

grad (U ,R3),

with W −1,q
div (U ,R3) = {−∆u : u ∈W 1,q

0,σ (U ,R3)
}

and W −1,q
grad (U ,R3) = {∇p : p ∈

Lq
0 (U )

}
.

Definition 2.2. Let U ⊂ R3 be a bounded domain with C 1 boundary ∂U
and fix 1 < q <∞. We denote by Pq,U the bounded linear operator

(2.3) Pq,U : W −1,q (U ,R3) −→ Lq
0 (U ), F 7−→ p,

where p is the uniquely determined function in Lq
0 (U ) with the property

that F−∇p ∈ W −1,q
div (U ,R3). Obviously, the operator Pq,U is onto and we

are equipped with the bound ‖Pq,U‖ ≤ c(q,U ). Furthermore, let us de-

note by Rq,U the projection of W −1,q (U ,R3) onto W −1,q
grad (U ,R3), i.e.

(2.4) ♦Rq,U : W −1,q (U ,R3) −→W −1,q
grad (U ,R3), F 7−→∇Pq,U F.

In a next step, we want to extend the definition of the operator Pq,U

to functions in Ls(a,b;W −1,q (U ,R3)) with 1 ≤ s ≤∞ (and 1 < q <∞). To
this end, recall first that the space W 1,q

0 (U ,R3) is a separable and reflexive
Banach space. Furthermore,

W −1,q (U ,R3)′ ∼=W 1,q
0 (U ,R3)

and therefore W −1,q (U ,R3) is a separable Banach space too, since any
Banach space with separable dual space is separable. Due to Pettis, this
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means that the notions of strong measurability and weak measurability
of a map

F : (a,b) →W −1,q (U ,R3)

actually coincide. The same can be concluded for functions with values
in Lq

0 (U ) or W −1,q
grad (U ,R3). Consequently, the following definitions in (2.5)

and (2.6) are meaningful.

Definition 2.3. Let U ⊂ R3 be a bounded domain with C 1 boundary ∂U
and fix 1 < q <∞ as well as 1 ≤ s ≤∞. We denote by

Pq,U : Ls(a,b;W −1,q (U ,R3)
)−→ Ls(a,b;Lq

0 (U )
)

the bounded and surjective linear operator defined via

(2.5) (Pq,U F)(t ) := Pq,U F(t ) for a.e. t ∈ (a,b).

Analogously, we write

Rq,U : Ls(a,b;W −1,q (U ,R3)
)−→ Ls(a,b;W −1,q

grad (U ,R3)
)

for the bounded and surjective linear operator given by

(2.6) (Rq,U F)(t ) := Rq,U F(t ) for a.e. t ∈ (a,b).

Furthermore, if F ∈ Ls
(
a,b;W −1,q (U ,R3)

)
we define

(2.7) Pq,U∂t F := ∂tPq,U F, Rq,U∂t F := ∂tRq,U F,

where the right hand sides are understood in the distributional sense. ♦
Now, consider a weak solution u to the Navier–Stokes equations. Recall

that this in particular entails finite energy, i.e.

u ∈ L2(a,b;W 1,2(Ω,R3)
)∩L∞(

a,b;L2(Ω,R3)
)
.

To motivate the definition of a local suitable weak solution, we proceed
with some purely formal calculations. To this end, fix a point x0 ∈Ω and
0 < R < dist(x0,∂Ω), i.e. B := BR (x0) ⊂⊂Ω. Applying the projector R3/2,B

to the Navier–Stokes equations yields

(2.8) ∂tR3/2,B u−R3/2,B∆u+R3/2,B div(u⊗u) =−R3/2,B∇p =−∇p.

(At least formally, one may think of the pressure field as being normalized
such that it integrates to zero over B .) Now, introducing

ph,B :=−P3/2,B u =−P2,B u,(2.9)

p1,B :=−P3/2,B div(u⊗u),(2.10)

p2,B :=P3/2,B∆u =P2,B∆u(2.11)
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and applying the operator P3/2,B to equation (2.8), we obtain a type of lo-
cal pressure decomposition in terms of the velocity field u alone, or more
precisely

(2.12) p = ∂t ph,B +p0,B , p0,B := p2,B −p1,B .

In addition, equation (2.8) also implies

(2.13) ∂t vB −∆u+div(u⊗u) =−∇p0,B ,

where the function vB is given by

(2.14) vB := u+∇ph .

Now, consider a test function φ ∈ C∞
c (B × (a,b)) and test the system

(2.13) against ϕ= 2φvB . Integration by parts then yields for a.e. t ∈ (a,b)
the following generalized local energy equality encoded in terms of the
velocity field∫

B

|vB (t )|2φ(t ) dx +2

t∫
a

∫
B

|∇vB |2φ dxds =

=
t∫

a

∫
B

|vB |2(∂tφ+∆φ) dxds +
t∫

a

∫
B

(|u|2 +2p0,B
)
vB ·∇φ dxds+

+2

t∫
a

∫
B

(u⊗u) : ∇(φ∇ph,B ) dxds −
t∫

a

∫
B

|u|2∇ph,B ·∇φ dxds.

We will now turn this property into a postulate, replacing the equality
with an inequality. The existence of local suitable weak solutions was
proven in [31, Theorem 3.2].

Definition 2.4. Let u be a weak solution to the Navier–Stokes equations
in the space-time cylinderΩ× (a,b). We call u a local suitable weak solu-
tion, if for every ball B ⊂⊂Ω, every non-negative φ ∈ C∞

c (B × (a,b)) and
for a.e. t ∈ (a,b) the following inequality holds true

(2.15)

∫
B

|vB (t )|2φ(t ) dx +2

t∫
a

∫
B

|∇vB |2φ dxds ≤

≤
t∫

a

∫
B

|vB |2(∂tφ+∆φ) dxds +
t∫

a

∫
B

(|u|2 +2p0,B
)
vB ·∇φ dxds+

+2

t∫
a

∫
B

(u⊗u) : ∇(φ∇ph,B ) dxds −
t∫

a

∫
B

|u|2∇ph,B ·∇φ dxds.
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We will refer to this inequality in the following as the generalized local
energy inequality. ♦

We conclude this section with a series of remarks (including one warn-
ing example) concerning the notion of a local suitable weak solution.

Remark 2.5. The operators Pq,Ω satisfy certain regularity properties which
can be summarized as follows (cf. [20]).

Theorem 2.6. Let Ω ⊂ R3 be a bounded domain with smooth boundary,
k ∈ N0, 1 < q <∞ and F ∈ W k,q (Ω). Assume that functions u ∈ W 1,q

0,σ (Ω)
and p ∈ Lq (Ω) satisfy the non-homogeneous Stokes problem in Ω

−∆u+∇p = F, divu = 0.

Then, in fact we have ∇2u ∈W k,q (Ω) and ∇p ∈W k,q (Ω). Also, the follow-
ing estimate holds

(2.16) ‖∇2u‖2
W k,q (Ω)

+‖∇p‖2
W k,q (Ω)

. ‖F‖2
W k,q (Ω)

.

The proportionality constant implicit in this bound depends on k, q and
the geometry ofΩ only.

In the following, we will refer to the bounds in (2.16) and (2.2) as the
Cattabriga–Solonnikov estimates (cf. [20]). ♦
Remark 2.7. Together with (a slightly modified version of) interpolation
inequality (A.10), the Cattabriga–Solonnikov estimates guarantee that all
of the integrals on the right-hand side of the generalized local energy in-
equality are finite. ♦
Remark 2.8. In this remark, we want to investigate the scaling behaviour
of local suitable weak solutions of the Navier–Stokes equations. To this
end, let us first introduce some notation. As in the introduction, we de-
note by Sλ the scaling map associated to the parabolic scaling of space-
time R3 ×R, i.e.

Sλ : R3 ×R→R3 ×R, (x1, x2, x3, t ) 7→ (λx1,λx2,λx3,λ2t ).

For a vector field f : Q → Rm defined on a space-time cylinder Q = Ω×
(a,b), we then define Qλ =λ−1Ω× (λ−2a,λ−2b) and

Sλf : Qλ→Rm , (x1, x2, x3, t ) 7→ f
(
Sλ(x1, x2, x3, t )

)
.

(This scaling operation is lifted to distributions in the obvious way by du-
ality.) Finally, we introduce the shorthand

fλ :=λSλf.
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With this notation at our disposal, it is straightforward to show from
the definitions that for every local suitable weak solution u of the Navier–
Stokes equations the following scaling relations hold (for all B ⊂⊂Ω):

−P2,λ−1B uλ = Sλph,B , −P3/2,λ−1B div
(
uλ⊗uλ

)=λ2Sλp1,B

P2,λ−1B∆uλ =λ2Sλp2,B .

In particular, we obtain

−∇P2,λ−1B uλ = (∇ph,B )λ.

Thus, a simple dimension count in the generalized local energy inequal-
ity (2.15) verifies that these scaling relations for the local pressure terms
correspond exactly to what is needed in order to infer the validity of (2.15)
for uλ from the validity of (2.15) for u.

All in all, this proves that a vector field u : Q → R3 is a local suitable
weak solution of the Navier–Stokes equations (in Q) if and only if uλ has
this property (in Qλ). Note also that the scaling behaviour of the local
pressure terms and of the function vB corresponds exactly to what one
would expect in view of equation (2.13). ♦
B Example 2.9. The notion of a local suitable weak solution does not
require any regularity assumptions on the boundary of Ω⊂ R3, as we al-
ready noted in the introduction. This is also directly related to the fact
that there is no need to define the pressure field globally. Instead, we just
work with terms which are locally defined through the velocity field in
the interior of the domain Ω. This generality has its price, as the follow-
ing example shows us plainly!

Let b ∈ L∞(
(−1,0),R3

)
be any essentially bounded vector-valued func-

tion and put

u(x, t ) := b(t ), (x, t ) ∈ B1(0)× (−1,0).

It is straightforward to show that u is a weak solution of the Navier–Stokes
equations in the unit parabolic cylinder. Furthermore, we compute

p1,B = p2,B ≡ 0, ph,B (x, t ) =−b(t ) · x.

(Of course, the latter term has to be normalized such that ph,B really in-
tegrates to zero over B . But this is of no importance for us here.) In par-
ticular, we obtain

vB = u+∇ph,B ≡ 0.

Thus, u is indeed a local suitable weak solution of the Navier–Stokes equa-
tions in the unit parabolic cylinder. This example therefore shows that in
the time direction we cannot expect any more regularity than bounded-
ness for a local suitable weak solution. ♦
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Remark 2.10. We derived the system (2.13) by purely formal computa-
tions. But the motivating argument for the definition of a local suitable
weak solution can be made rigorous. For a precise statement and a proof,
we refer to [31, Lemma 2.4].

Let us mention at least that one serious technical issue one has to deal
with stems from the fact that (as we already discussed in the example
preceding this remark) the function vB may not have enough regularity in
time in order to justify any sort of integration by parts involving the time
derivative. Thus, one has to regularize in time, and one prominent option
to do so is the Steklov average (cf. the proof of Lemma 2.4 in [31]). ♦
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3 A Caccioppoli inequality

In the following, we establish a Caccioppoli inequality for local suitable
weak solutions of the Navier–Stokes equations which is formulated in
terms of the following scale-invariant quantities

B(R) = R−1‖∇u‖2
L2(QR ), C (R) = R−1‖u‖2

L2,∞(QR ),(3.1)

E(R) = R− 4
3 ‖u‖2

L3(QR ).(3.2)

Lemma 3.1. Let u be a local suitable weak solution to (1.1) in the space-
time cylinder Q =Ω× (a,b). Furthermore, consider R > 0 and (x0, t0) ∈Q
such that QR = BR (x0)× (t0 −R2, t0) ⊂Q. Then, the following Caccioppoli
inequality is satisfied

(3.3) B(R/2)+C (R/2)+E(R/2).C (R)3 +C (R).

The proportionality constant implicit in this bound is an absolute con-
stant.

Proof. We follow the argumentation in [31] and make appropriate adjust-
ments where needed. We choose arbitrary real numbers R/2 ≤ ρ < r ≤ R
and putσ= (r+ρ)/2. Now, letφ ∈C∞

c (Q) be a smooth and in Q compactly
supported function with the following properties:

i) 0 ≤φ≤ 1 in Q,

ii) φ≡ 0 in Q \ Bσ× (t0 −σ2, t0 +σ2),

iii) φ≡ 1 in Qρ and

iv) |φt |+ |∆φ|+ |∇φ|2. (r −ρ)−2 uniformly in Q.

Finally, put σ̃ = (σ+ r )/2. Let us also abbreviate for what follows v = vBσ̃
and so on. In other words, we carry out the local pressure decomposition
on the ball Bσ̃.

Note that we may insert the test function φ2 into the generalized local
energy inequality (2.15) in the definition of a local suitable weak solution.
In particular, we obtain the following bound

(3.4) ‖φv‖2
L2,∞(Qσ) +‖φ∇v‖2

L2(Qσ). J1 + J2 + J3 + J4,

where we introduced the following quantities

J1 =
∫

Qσ

|v|2|φt +∆φ| dxdt , J2 =
∫

Qσ

φ|u|2|v||∇φ| dxdt ,

J3 =
∫

Qσ

|p0||v||∇φ| dxdt , J4 =
∫

Qσ

|u|2|∇(φ∇ph)|+φ|u|2|∇ph ||∇φ| dxdt .
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After these preparations, we will derive appropriate bounds for each of
these terms. We begin with J1 and obtain the bound

(3.5) J1. (r −ρ)−2‖u‖2
L2(Qr ),

which is an immediate consequence of the Cattabriga–Solonnikov esti-
mates for the steady Stokes system.

Along the same lines, we derive the following bound for the second
term making use of Hölder’s inequality

J2. (r −ρ)−1‖u‖3
L3(Qr ).

In order to get rid of the L3-norm, we exploit the interpolation inequality
(A.10) given in the appendix as follows

(3.6)
(r −ρ)−1‖u‖3

L3(Qr ).
r

1
2

r −ρ ‖u‖
3
2

L2,∞(Qr )

(
‖u‖2

L2,∞(Qr ) +‖∇u‖2
L2(Qr )

) 3
4

. ε−1 r 2

(r −ρ)4
‖u‖6

L2,∞(Qr ) +ε
1
3

{
‖u‖2

L2,∞(Qr ) +‖∇u‖2
L2(Qr )

}
.

Here, we also invoked Young’s inequality and 0 < ε≤ 1 denotes, up to the
moment, an arbitrary real number. All in all, this yields the bound

(3.7) J2. ε
−1 r 2

(r −ρ)4
‖u‖6

L2,∞(Qr ) +ε
1
3

{
‖u‖2

L2,∞(Qr ) +‖∇u‖2
L2(Qr )

}
.

For the term J4, we start with the bound

J4. (r −ρ)−1‖u‖2
L3(Qσ)‖∇ph‖L3(Qσ) +‖u‖2

L3(Qσ)‖∇2ph‖L3(Qσ).

The term involving the second derivative of ph can be treated with by
means of the generalized Lp -Caccioppoli inequality (A.9). More precisely,
the following bound is satisfied

‖∇2ph‖L3(Qσ).
σ̃

3
2

(σ̃−σ)
5
2

‖∇ph‖L3(Qσ̃).
r

3
2

(r −ρ)
5
2

‖u‖L3(Qr ).

Apart from that, it suffices to make use of the Cattabriga–Solonnikov es-
timates and the interpolation argument in (3.6) in order to obtain

(3.8)
J4. ε

−1
(

r 2

(r −ρ)4
+ r 8

(r −ρ)10

)
‖u‖6

L2,∞(Qr )+

+ε 1
3

{
‖u‖2

L2,∞(Qr ) +‖∇u‖2
L2(Qr )

}
.

It remains to bound the pressure terms, which is in this case just a mat-
ter of the corresponding Cattabriga–Solonnikov estimates. Hence,∫

Qσ

|p1||v||∇φ| dxdt . (r −ρ)−1‖u‖3
L3(Qr )
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and also∫
Qσ

|p2||v||∇φ| dxdt . (r −ρ)−1‖u‖L2(Qr )‖∇u‖L2(Qr )

. ε−1 r 2

(r −ρ)2
‖u‖2

L2,∞(Qr ) +ε‖∇u‖2
L2(Qr ).

Together, these two bounds imply

(3.9)
J3. ε

−1
{

r 2

(r −ρ)2
‖u‖2

L2,∞(Qr ) +
r 2

(r −ρ)4
‖u‖6

L2,∞(Qr )

}
+

+ε 1
3

{
‖u‖2

L2,∞(Qr ) +‖∇u‖2
L2(Qr )

}
.

At this point, we want to summarize what we have achieved so far. In
view of (3.4), we can infer from our bounds from above that

(3.10)

‖φv‖2
L2,∞(Qσ) +‖φ∇v‖2

L2(Qσ)

. ε−1
{

r 2

(r −ρ)2
‖u‖2

L2,∞(Qr ) +
(

r 2

(r −ρ)4
+ r 8

(r −ρ)10

)
‖u‖6

L2,∞(Qr )

}
+

+ε 1
3

{
‖u‖2

L2,∞(Qr ) +‖∇u‖2
L2(Qr )

}
.

In the last step, roughly speaking we want to replace v with u in this in-
equality. In order to do this, first note that due to the classical Caccioppoli
inequality for harmonic functions

‖∇u‖2
L2(Qρ). ‖φ∇v‖2

L2(Qρ) +‖∇2ph‖2
L2(Qρ)

. ‖φ∇v‖2
L2(Qρ) + (r −ρ)−2‖u‖2

L2(Qr ).

Furthermore, applying again the interpolation inequality (A.10), we also
obtain

1

(R/2)
1
3

‖u‖2
L3(Qρ).

(ρ
R

) 1
3 ‖u‖L2,∞(Qρ)

(
‖u‖2

L2,∞(Qρ) +‖∇u‖2
L2(Qρ)

) 1
2

. ‖u‖2
L2,∞(Qρ) +‖∇u‖2

L2(Qρ).

Choosing ε> 0 small enough in (3.10) consequently yields the bound

‖∇u‖2
L2(Qρ) +

1

(R/2)
1
3

‖u‖2
L3(Qρ) .

.
(
1+ R2

(r −ρ)2

)
‖u‖2

L2,∞(QR ) +
(

R2

(r −ρ)4
+ R8

(r −ρ)10

)
‖u‖6

L2,∞(QR )+

+ 1

2

{
‖∇u‖2

L2(Qr ) +
1

(R/2)
1
3

‖u‖2
L3(Qr )

}
.
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Hence, we are in position to exploit the iteration argument from Proposi-
tion A.1 in the appendix which entails the bound

(3.11) ‖∇u‖2
L2(QR/2) +

1

(R/2)
1
3

‖u‖2
L3(QR/2).R−2‖u‖6

L2,∞(QR ) +‖u‖2
L2,∞(QR ).

Finally, multiply this inequality with (R/2)−1 to conclude the proof. �

Remark 3.2. Other Caccioppoli inequalities for local suitable weak solu-
tions of the Navier–Stokes equations were proved in [31] by essentially
the same method. ♦
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4 Local boundedness

In this section, based on the Caccioppoli inequality from the previous
section we discuss and prove the announced local L∞-bound for local
suitable weak solutions. As already mentioned in the introduction, the
required smallness hypothesis is in our case encoded by the rescaled max-
imal kinetic energy.

4.1 Main results

Theorem 4.1. Let u be a local suitable weak solution of the Navier–Stokes
equations (1.1) in the space-time cylinder Q =Ω×(a,b). Then, there exist
absolute constants ε> 0 and K > 0 such that for all QR =QR (x0, t0) ⊂Q it
holds

(4.1)
1

R
‖u‖2

L2,∞(QR ) ≤ ε2 =⇒ ‖u‖2
L∞(Q3R/4) ≤

K

R2

(
1

R
‖u‖2

L2,∞(QR )

)
.

The proposition below already contains the main technical part for the
proof of this theorem. In this context, note first that it suffices to consider
the case of the unit parabolic cylinder Q =Q1(0,0) since the general case
then follows from a translation of the coordinate system and the scaling
symmetry exhibited by the Navier–Stokes equations.

Let us also introduce some notation:

rn = 2−n , I n = (−r 2
n ,0), B n = Brn (0), Qn = B n × I n , n ≥ 1.

Furthermore, we fix the specific local decomposition of the pressure (and
we will stick with this choice during the whole section):

B = B 1, ph = ph,B , p1 = p1,B , p2 = p2,B , v = u+∇ph .

With this notation at hand, the already mentioned proposition reads as
follows.

Proposition 4.2. Let u be a local suitable weak solution to (1.1) in the
unit parabolic cylinder Q1(0,0). There exist absolute constants ε∗ > 0 and
k∗ > 0 such that the condition

C̃ (1) := ‖u‖3
L2,∞(Q1(0,0)) ≤ ε3

∗
implies that for all n ≥ 2 the following two inequalities hold true

r−5
n

∫
Qn

|u|3 dxdt ≤ k
3
2∗ C̃ (1),(4.2)

r−3
n esssup

I n

∫
B n

|v|2 dx + r−3
n

∫
Qn

|∇v|2 dxdt ≤ k∗C̃ (1)
2
3 .(4.3)
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4.2 On the idea and structure of the proof

Before we proceed with the proof of the proposition, let us give some
remarks. Note first that Proposition 4.2 (and Theorem 4.1 as well) does
not contain any explicit additional smallness assumption for the pres-
sure field. This does not mean of course that our method works without
the need for appropriate decay estimates of the pressure terms. But the
specific nature of the local decomposition of the pressure field and the
regularity properties of the operators Pq,U (i.e. the Cattabriga–Solonnikov
estimates) dovetail nicely with the L2,∞-norm of the velocity field. We al-
ready witnessed this in the proof of the Caccioppoli inequality (3.3). This
is in contrast to the work in [1], where the inductive argument heavily
relies on an explicit a priori smallness assumption for the pressure field.

Let us also comment on the idea and structure of the proof for Propo-
sition 4.2, which basically consists of an inductive argument in the spirit
of [1]. The induction basis obviously is given by (4.2)n=2 and (4.3)n=2. The
latter one will be a consequence of our Caccioppoli inequality (3.3). The
other one then follows by interpolation (i.e. inequality (A.10)). For n ≥ 3,
the induction step can be summarized schematically as follows:

(4.2)m , m ∈ {2, . . . ,n−1} ⇒ (4.3)n

(4.3)n , ⇒ (4.2)n .

The latter implication will again be a (more or less immediate) conse-
quence of interpolation inequality (A.10). The main technical step of the
proof is rather given by the first implication. For this one, we will make
use of the generalized energy inequality (2.15) with respect to the local
pressure decomposition introduced above.

But to make this approach work, one relies on a clever choice for a test
function. For example, if one just takes an appropriate version of the test
function used in the proof of the Caccioppoli inequality (3.3), one can
merely expect a bound for the terms∫

Qn

|u|3 dxdt , esssup
I n

∫
B n

|v|2 dx +
∫

Qn

|∇v|2 dxdt .

But in view of (4.2) and (4.3), we rather want to control the corresponding
local averages of these terms. How can we achieve this? The main obser-
vation in this context is that on the right-hand side of the generalized
energy inequality (2.15) the backward heat equation appears, and that a
suitable smoothed version of the fundamental solution exactly obeys the
required decay properties in order to introduce averages. Of course, this
idea is not new, and in fact the precise construction of the test function is
borrowed from the celebrated paper by Caffarelli et al. [1]. More explic-
itly, the construction is carried out as follows.
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Let χ denote a suitable cut-off function, which is smooth at least on
R3×(−∞,0], and such that 0 ≤χ≤ 1, χ≡ 1 in Q3 and χ≡ 0 outside of Q1/6.
Furthermore, we write ψn for the fundamental solution of the backward
heat equation with singularity at (0,r 2

n), i.e.

(4.4) ψn(x, t ) = c0

(r 2
n − t )

3
2

exp

(
− |x|2

4(r 2
n − t )

)
, (x, t ) ∈R3 × (−∞,r 2

n).

Put φn = χψn ≥ 0. Clearly, φn solves the backward heat equation in Q3.
For reader’s convenience, we also repeat from [1] the main estimates for
the test function φn :

(4.5)
∣∣∂tφn +∆φn

∣∣≤ c in Q1,

1

c
r−3

n ≤φn ≤ cr−3
n and |∇φn | ≤ cr−4

n in Qn ,(4.6)

φn ≤ cr−3
k and |∇φn | ≤ cr−4

k in Qk−1\Qk , 2 < k ≤ n.(4.7)

Here, c > 0 is an absolute constant which is independent of n. The first
set of inequalities in (4.6) then enables us to find a bound for the term

r−3
n esssup

I n

∫
B n

|v|2 dx + r−3
n

∫
Qn

|∇v|2 dxdt ,

if one inserts the test functionφn in the generalized local energy inequal-
ity (2.15). The remaining work then consists of deriving appropriate esti-
mates for each of the terms occurring on the right-hand side of (2.15). In
view of our bounds in (4.6) and (4.7), for most of these terms we have to
decompose the corresponding integral into a sum of integrals over the re-
spective “dyadic shells” Qk−1\Qk . This procedure works indeed, because
in this sum one part of each summand can always be dealt with by the
induction hypothesis (and also leaves a “small” quantity in terms of ε∗)
and the remaining part consists of a positive power of the rk ’s which is
summable.

As it turns out, the most troublesome term in this context is given by
the term involving p1. This is due to the fact that the other two terms in
the local pressure decomposition are harmonic, i.e. they can be treated
by means of the powerful theory of harmonic functions. Nevertheless,
based on the result for the bi-harmonic equation given in Proposition
A.6, it is possible to derive estimates for p1 which are good enough for
our purposes. This is undoubtedly one of the major technical steps in
the proof of Proposition 4.2, and the idea to master it successfully was
suggested to the author by J. Wolf.

The final remark is about the constants which will appear throughout
the induction. As in the proof of our Caccioppoli inequality (3.3), we will
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suppress unimportant proportionality constants as we will make use of
the symbol . until the very final step. In this regard, one only has to
take care that these constants do not depend on n, because this will then
enable us to choose the constants k∗ and ε∗ without being at risk to run
into a circular argument.

4.3 Proof of the local L∞-bound

Let us begin with the proof of Proposition 4.2.

Proof. We assume right from the beginning that ε∗ ≤ 1 ≤ k∗ and proceed
by induction. As already said above, the admissible values of the con-
stants ε∗ and k∗ will be determined throughout the proof. Let us start
with the

Induction basis (n = 2): We immediately obtain due to our Cacciop-
poli inequality (3.3) that

(4.8) esssup
I 2

∫
B 2

|u|2 dx +
∫

Q2

|∇u|2 dxdt . C̃ (1)
2
3 .

In addition, we can estimate by means of the classical Caccioppoli in-
equality for harmonic functions

esssup
I 2

∫
B 2

|∇ph |2 dx +
∫

Q2

|∇2ph |2 dxdt . esssup
I 1

∫
B 1

|u|2 dx +
∫

Q1

|∇ph |2 dxdt

. C̃ (1)
2
3 ,

hence there exists an absolute constant C1 ≥ 1 such that inequality (4.3)2

holds with k∗ replaced by C1. Exploiting interpolation inequality (A.10)
and inequality (4.8), we see that∫
Q2

|u|3 dxdt .
(
esssup

I 2

∫
B 2

|u|2 dx

) 3
4
(
esssup

I 2

∫
B 2

|u|2 dx +
∫

Q2
|∇u|2 dxdt

) 3
4

.
(
esssup

I 2

∫
B 2

|u|2 dx +
∫

Q2
|∇u|2 dxdt

) 3
2

. C̃ (1),

i.e. inequality (4.2)2 holds as well with k∗ replaced by some suitable ab-
solute constant C2 ≥ 1. Of course, we assume for all of what follows that
k∗ ≥C1 ∨C2.

Induction step (n −1 7→ n): Now, consider n ≥ 3. First note that obvi-
ously

(4.9) r−5
n

∫
Qn

|u|3 dxdt ≤ 25r−5
n−1

∫
Qn−1

|u|3 dxdt ≤ 25k
3
2∗ C̃ (1).
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As already mentioned, we useφn (constructed as above) as a test func-
tion in (2.15) and obtain with (4.6) the following local energy estimate

(4.10) r−3
n esssup

I n

∫
B n

|v|2 dx +2r−3
n

∫
Qn

|∇v|2 dxdt .
6∑

l=1
Jl ,

where we introduced the quantities

J1 =
∫

Q2

|v|2 ∣∣∂tφ+∆φn
∣∣ dxdt , J2 =

∫
Q2

|u|2|v||∇φn |dxdt ,

J3 =
∫

I 2

∣∣∣∣∫
B 2

p1v ·∇φn dx

∣∣∣∣dt , J4 =
∫

I 2

∣∣∣∣∫
B 2

p2v ·∇φn dx

∣∣∣∣dt ,

J5 =
∫

Q2

|u⊗u||∇(φn∇ph)|dxdt , J6 =
∫

Q2

|u|2|∇ph ||∇φn |dxdt .

Now, we proceed with estimating term by term on the right hand side
of our local energy inequality. Using (4.5), we start with

(4.11) J1.
∫

Q2

|u|2 +|∇ph |2 dxdt . ‖u‖2
L2,∞(Q1). C̃ (1)

2
3 .

For the second term, exploiting (4.6) and (4.7), we split the task as fol-
lows

J2 ≤
∫

Q2

|u|3|∇φn |dxdt +
∫

Q2

|u|2|∇ph ||∇φn |dxdt

.
n∑

k=2
r−4

k

∫
Qk

|u|3 dxdt +
n∑

k=2
r−4

k

∫
Qk

|u|2|∇ph |dxdt =: J ′2 + J ′′2 .

On one side, we obtain due to our induction hypothesis and (4.9) that

J ′2. k
3
2∗ C̃ (1)

n∑
k=2

rk . k
3
2∗ C̃ (1).

On the other side, recall that ∇ph is harmonic in B 1 for a.e. t ∈ I 1. Hence,
by means of Hölder’s inequality and the mean value inequality of har-
monic functions, we deduce

J ′′2 .
n∑

k=2
rk

(
r−5

k

∫
Qk

|u|3 dxdt

) 2
3
(
r−5

k

∫
Qk

|∇ph |3 dxdt

) 1
3

. k∗C̃ (1)
2
3

n∑
k=2

rk

(
r−5

k

∫
Qk

∣∣∣esssup
I 1

‖∇ph‖L1(B 1)

∣∣∣3
dxdt

) 1
3
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. k∗C̃ (1)
2
3 esssup

I 1

(∫
B 1

|∇ph |2 dx

) 1
2

. k∗C̃ (1)
2
3 ‖u‖L2,∞(Q1). k∗C̃ (1)

2
3 C̃ (1)

1
3 . k∗C̃ (1).

In particular, this entails the bound

(4.12) J2. k3/2
∗ C̃ (1),

and the same bound obviously holds true for J6 as well:

(4.13) J6. k3/2
∗ C̃ (1).

For J5, we estimate

J5 ≤
∫

Q2

|u|2|∇ph ||∇φn | dxdt +
∫

Q2

|u|2|∇2ph ||φn | dxdt

. k∗C̃ (1)+
n∑

k=2
r 2

k

(
r−5

k

∫
Qk

|u|3 dxdt

) 2
3
(
r−5

k

∫
Qk

|∇2ph |3 dxdt

) 1
3

.

As ∇2ph is harmonic in B 1 for a.e. t ∈ I 1 as well, we can work again with
the mean value inequality to obtain together with the classical Cacciop-
poli inequality that for all 2 ≤ k ≤ n(

r−5
k

∫
Qk

|∇2ph |3 dxdt

) 1
3

.
(
r−5

k

∫
Qk

∣∣∣esssup
I 1

‖∇2ph‖L1(B1/3(0))

∣∣∣3
dxdt

) 1
3

. esssup
I 1

(∫
B1/3(0)

|∇2ph |2 dx

) 1
2

. esssup
I 1

(∫
B 1

|∇ph |2 dx

) 1
2

. C̃ (1)
1
3 .

All in all, we infer that

(4.14) J5. k∗C̃ (1)+k∗C̃ (1)
2
3 C̃ (1)

1
3 . k∗C̃ (1).

It remains to estimate the pressure terms. We begin with J4 and recall
that p2 is harmonic in B 1 for a.e. t ∈ I 1. Note that v is a solenoidal field,
hence arguing as in [1] yields the bound

J4.
n∑

k=3
r−4

k

∫
Qk

|v||p2 − [p2]B k | dxdt +
∫

Q2

|v||p2| dxdt =: J ′4 + J ′′4 .

For the sake of completeness, we repeat the argument from [1]. The first
step consists of choosing cut-off functions χk ∈C∞

c (Qk ) such that it holds
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0 ≤ χk ≤ 1, χk ≡ 1 in Q3rk /4(0,0) and |∇χk | ≤ cr−1
k , where c > 0 is an abso-

lute constant which does not depend on k ≥ 1. In a next step, we bound
J4 as follows

J4 =
∫

I 2

∣∣∣∣∫
B 2

p2v ·∇(χ1φn)dx

∣∣∣∣dt

≤
n−1∑
k=1

∫
I 2

∣∣∣∣∫
B 2

p2v ·∇((χk −χk+1)φn)dx

∣∣∣∣dt +
∫

I 2

∣∣∣∣∫
B 2

p2v ·∇(χnφn)dx

∣∣∣∣dt .

If k ∈ {1,2} then we simply estimate∫
I 2

∣∣∣∣∫
B 2

p2v ·∇((χk −χk+1)φn)dx

∣∣∣∣dt .
∫

Q2

|p2||v|dxdt .

In case of k ∈ {3, . . . ,n−1}, we can write∫
I 2

∣∣∣∣∫
B 2

p2v ·∇((χk −χk+1)φn)dx

∣∣∣∣dt =

=
∫

I k

∣∣∣∣∫
B k

(p2 − [p2]B k )v ·∇((χk −χk+1)φn)dx

∣∣∣∣dt .

In this step, we made use of the fact that v is a solenoidal field. In partic-
ular,∫

I 2

∣∣∣∣∫
B 2

p2v ·∇((χk −χk+1)φn)dx

∣∣∣∣dt . r−4
k

∫
Qk

|p2 − [p2]B k ||v| dxdt

for every k ∈ {3, . . . ,n−1}, and the same sort of reasoning yields the esti-
mate ∫

I 2

∣∣∣∣∫
B 2

p2v ·∇(χnφn)dx

∣∣∣∣dt . r−4
n

∫
Qn

|p2 − [p2]B n ||v| dxdt ,

i.e. the asserted upper bound for J4 does hold indeed.
Let us now proceed with the terms J ′4 and J ′′4 . At first, we easily estimate

with Hölder’s and Young’s inequality

J ′′4 .
(∫

Q1
|v|2 dxdt

) 1
2
(∫

Q2
|p2|2 dxdt

) 1
2

.
{
‖u‖2

L2,∞(Q1) +‖∇u‖2
L2(Q1)

}
. C̃ (1)

2
3 .

Note that in the last step we also exploited our Caccioppoli inequality
(3.3). Next, we estimate

J ′4.
n∑

k=3
rk

(
r−5

k

∫
Qk

|v|2 dxdt

) 1
2
(
r−5

k

∫
Qk

|p2 − [p2]B k |2 dxdt

) 1
2

.
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On one side, we obtain for 3 ≤ k ≤ n by induction hypothesis, the mean
value inequality for ph and by (4.9) that(

r−5
k

∫
Qk

|v|2 dxdt

) 1
2

.
(
r−5

k

∫
Qk

|u|3 dx

) 1
3 +

(
r−5

k

∫
Qk

|∇ph |2 dxdt

) 1
2

. k
1
2∗ C̃ (1)

1
3 .

On the other side, using the classical Campanato inequality (A.7) we ob-
tain for all 3 ≤ k ≤ n the bound(

r−5
k

∫
Qk

|p2 − [p2]B k |2 dxdt

) 1
2

.
(
r−5

k

∫
I k

r 3+2
k

∫
B 1

|p2 − [p2]B 1 |2 dxdt

) 1
2

.
(∫

Q1
|p2 − [p2]B 1 |2 dxdt

) 1
2

. ‖∇u‖L2(Q1). C̃ (1)
1
3 .

Therefore, the above inequalities result in the bound

(4.15) J4. k
1
2∗ C̃ (1)

2
3 .

For the last term, we again start with

J3.
n∑

k=3
r−4

k

∫
Qk

|v||p1 − [p1]B k |dxdt +
∫

Q2

|v||p1|dxdt =: J ′3 + J ′′3 .

Similarly as above, we deduce from our Caccioppoli inequality (3.3) that

J ′′3 .
(∫

Q1
|v|3 dxdt

) 1
3
(∫

Q2
|p1|

3
2 dxdt

) 2
3

.
{
‖u‖2

L3(Q1) +‖u‖4
L3(Q1)

}
. C̃ (1)

2
3 .

Moreover, we infer that

J ′3.
n∑

k=3
r

1
3

k

(
r−5

k

∫
Qk

|v|3 dxdt

) 1
3
(
r−4

k

∫
Qk

|p1 − [p1]B k | 3
2 dxdt

) 2
3

.

The term involving v is again of no problem due to (4.9) and the induction
hypothesis:(

r−5
k

∫
Qk

|v|3 dxdt

) 1
3

.
(
r−5

k

∫
Qk

|u|3 dx

) 1
3 +

(
r−5

k

∫
Qk

|∇ph |3 dxdt

) 1
3

. k
1
2∗ C̃ (1)

1
3 ,

where 3 ≤ k ≤ n. As already remarked, finding an appropriate upper
bound for the other term is a little bit more delicate since p1 is not har-
monic, i.e. our techniques from above are not directly amenable. But as
we will see, a suitable decomposition of the non-harmonic pressure p1

together with an iterative procedure will help us out.
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To this end, fix numbers rn ≤ ρ < r ≤ r2 and t ∈ I 1 such that it holds
p1(t ) ∈ L3/2(B 1) and u(t ) ∈ W 1,2

σ (B1(0),R3) ∩ L2
σ(B1(0),R3). By Proposi-

tion A.6 we can find a (uniquely determined) function wr (t ) ∈W 2,3/2
0 (Br ),

such that ∆2wr (t ) = ∆p1(t ) holds in Br in the sense of distributions. In
other words, for every φ ∈C∞

c (Br ) we have∫
Br

(
∆wr (t )−p1(t )

)
∆φ dx = 0.

Therefore, by means of Weyl’s lemma we obtain for a.e. t ∈ I 1 the decom-
position

p1(t )− [p1(t )]Br =∆wr (t )+qr (t ),

where qr (t ) ∈ L3/2(Br ) is a harmonic function. On the other side, it is
straightforward to show that for all φ ∈C∞

c (Br )∫
Br

∆wr (t )∆φdx =
∫

Br

(
u(t )⊗u(t )

)
: ∇2φ dx,

i.e. wr (t ) is a solution to the bi-harmonic equation

∆2wr (t ) = divdiv
(
u(t )⊗u(t )

)
in the sense of distributions. In particular, the following important in-
equality holds true due to (A.11) and the uniqueness statement of Propo-
sition A.6

‖∆wr (t )‖
L

3
2 (Br )
. ‖u(t )⊗u(t )‖

L
3
2 (Br )

.

It is worth noticing at this point that the proportionality constant implicit
in this inequality does not depend on the radius r .

With the help of this decomposition, we can now proceed as follows∫
Bρ

∣∣p1(t )− [p1(t )]Bρ

∣∣ 3
2 dx

=
∫

Bρ

∣∣p1(t )− [p1(t )]Br −
[
p1(t )− [p1(t )]Br

]
Bρ

∣∣ 3
2 dx

.
∫

Bρ

∣∣∆wr (t )− [∆wr (t )]Bρ

∣∣ 3
2 dx +

∫
Bρ

∣∣qr (t )− [qr (t )]Bρ

∣∣ 3
2 dx

. ‖u(t )‖3
L3(Br ) +

∫
Bρ

∣∣qr (t )− [qr (t )]Bρ

∣∣ 3
2 dx.
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As qr (t ) is harmonic in Br , we can estimate due to the generalized Lp -
Campanato inequality from Proposition A.3∫

Bρ

∣∣qr (t )− [qr (t )]Bρ

∣∣ 3
2 dx .

(ρ
r

)3+ 3
2
∫

Br

∣∣qr (t )− [qr (t )]Br

∣∣ 3
2 dx

.
(ρ

r

) 9
2
∫

Br

∣∣p1(t )− [p1(t )]Br

∣∣ 3
2 dx.

As we can surely find k ∈ {2, . . . ,n−1} such that rk+1 < r ≤ rk , we may infer
from the induction hypothesis that

‖u‖3
L3(Qr ) ≤ r 4

(
r−5‖u‖3

L3(Qr )

)
. r 4

(
r−5

k ‖u‖3
L3(Qk )

)
. k

3
2∗ C̃ (1)r 4.

Integrating in time and then putting all estimates together, we therefore
arrive at∫

Qρ

∣∣p1 − [p1]Bρ

∣∣ 3
2 dxdt . k

3
2∗ C̃ (1)r 4 +

(ρ
r

) 9
2
∫

Qr

∣∣p1 − [p1]Br

∣∣ 3
2 dxdt .

This bound holds for all rn ≤ ρ < r ≤ r2. Hence, we are in position to iter-
ate this inequality, i.e. by Proposition A.2 it is also true that the following
bound is satisfied for all rn ≤ ρ < r ≤ r2∫

Qρ

∣∣p1 − [p1]Bρ

∣∣ 3
2 dxdt . k

3
2∗ C̃ (1)ρ4 +

(ρ
r

)4
∫

Qr

∣∣p1 − [p1]Br

∣∣ 3
2 dxdt .

In particular, this entails for all 3 ≤ k ≤ n that

r−4
k

∫
Qk

|p1 − [p1]B k | 3
2 dxdt . k

3
2∗ C̃ (1)+

∫
Q2

|p1|
3
2 dxdt

. k
3
2∗ C̃ (1)+‖u‖3

L3(Q1). k
3
2∗ C̃ (1),

hence J ′3. k
3
2∗ C̃ (1). All in all, this then leads to the bound

(4.16) J3. k
3
2∗ C̃ (1)+ C̃ (1)

2
3 .

Eventually, the bounds from (4.11) to (4.16) give rise to

r−3
n esssup

I n

∫
B n

|v|2 dx + r−3
n

∫
Qn

|∇v|2 dxdt ≤ c1

(
k

1
2∗ε∗+k

− 1
2∗
)

k∗C̃ (1)
2
3 .

Using interpolation inequality (A.10), this also means that

r−5
n

∫
Qn

|v|3 dxdt ≤ c2c
3
2
1

(
k

1
2∗ε∗+k

− 1
2∗
) 3

2

k
3
2∗ C̃ (1).
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Since we can estimate again by mean value inequality to obtain

r−5
n

∫
Qn

|∇ph |3 dxdt ≤ c2r−5
n

∫
Qn

∣∣∣esssup
I 1

‖∇ph‖L1(B 1)

∣∣∣3
dxdt

≤ c2 esssup
I 1

‖∇ph‖3
L2(B 1)

≤ c2 esssup
I 1

‖u‖3
L2(B 1) ≤ c2C̃ (1),

we also find that

r−5
n

∫
Qn

|u|3 dxdt ≤ c2c
3
2
1

(
k

1
2∗ε∗+k

− 1
2∗
) 3

2

k
3
2∗ C̃ (1).

We emphasize the fact that c1 and c2 are absolute constants which in par-
ticular neither depend on k∗ nor n. Thus, choosing

(4.17) c̃2 = c
2
3
2 , k∗ ≥ (2c1c̃2)2, ε∗ ≤ 1

(2c1c̃2)2 ,

yields the desired bounds and the result follows. �

We now turn to the proof of Theorem 4.1. Everything what remains to
do is to exploit the scaling symmetry of local suitable weak solutions in
an appropriate manner.

Proof. Consider some arbitrary space-time point (y0, s0) ∈ Q3/4(0,0) and
let

ũ(x, t ) = 4−1u
(
y0 +4−1x, s0 +4−2t

)
for (x, t ) ∈Q1(0,0). Then, ũ is a local suitable weak solution for the Navier–
Stokes system in Q1(0,0) and

‖ũ‖3
L2,∞(Q1(0,0)) = 4

3
2 ‖u‖3

L2,∞(Q1/4(y0,s0)) ≤ 4
3
2 C̃ (1).

This motivates to choose ε= 4−1/2ε∗, as the above proposition applied to
the velocity ũ would then imply for all n ≥ 2 the inequality

r−5
n

∫
Qn

|ũ(x, t )|3 dxdt ≤ k
3
2∗‖ũ‖3

L2,∞(Q1(0,0)) ≤ (4k∗)
3
2 C̃ (1).

But there is also a constant c > 0 such that

r−5
n

∫
Qn

|ũ(x, t )|3 dxdt = c−
3
2

|Qn+1(y0, s0)|
∫

Qn+1(y0,s0)

|u(y, s)|3 dyds.

Now, we choose K = 4ck∗ and deduce that for all n ≥ 3

(4.18)
1

|Qn(y0, s0)|
∫

Qn (y0,s0)

|u(y, s)|3 dyds ≤ K
3
2 C̃ (1).
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As almost every (y0, s0) ∈Q1/2(0,0) is a Lebesgue point of u, passing to the
limit in inequality (4.18) implies

(4.19) ‖u‖2
L∞(Q3/4(0,0)) ≤ K ‖u‖2

L2,∞(Q1(0,0)).

As remarked above, this is all what is needed in order to derive the general
statement of our theorem. �
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5 Estimates for spatial derivatives

In this section, we want to derive L∞-bounds for spatial derivatives of
local suitable weak solutions to the Navier–Stokes equations (1.1). The
main result in this regard reads as follows:

Theorem 5.1. Let v be a local suitable weak solution to the Navier–Stokes
equations in the unit parabolic cylinder Q1. There exist absolute con-
stants ε1 > 0 and K1 > 0, such that

(5.1) ‖v‖2
L2,∞(Q1) ≤ ε1 ⇒ ‖∇v‖2

L∞(Q1/2) ≤ K1‖v‖2
L2,∞(Q1).

5.1 Local regularity for a Navier–Stokes type system

In order to prove this result, we will consider first the following abstract
setting: Let Ω ⊂ R3 be a domain, I = (a,b) ⊂ R a bounded interval and
let Q = Ω× I be the associated space-time cylinder. Furthermore, let
A : Q →R3 be a solenoidal field which is measurable and bounded. In the
following, we study the local regularity of a certain type of weak solutions
for the system

(5.2)

{
∂t u−∆u+div(u⊗A) =−∇p in Q,

divu = 0 in Q.

As we are again solely interested in interior local regularity properties, we
do not deal with any sort of boundary and/or initial data for this system.
Consequently, weak solutions for this system are defined in analogy to
Definition 1.1.

What is the motivation to study this system? For example, assume that
(v,π) is a weak solution to the Navier–Stokes system in the unit parabolic
cylinder Q1 = B1(0)× (−1,0)

(5.3)

{
∂t v−∆v+div(v⊗v) =−∇π,

divv = 0.

Furthermore, assume that the velocity field v is bounded in Q1 (as it is
the case at least in Q1/2 in the situation of Theorem 4.1). Now, at least
on a formal level, each (spatial) partial derivative ∂k v of the velocity field
satisfies the following system in Q1{

∂t∂k v−∆∂k v+div(v⊗∂k v)+div(∂k v⊗v) =−∇∂kπ,

div∂k v = 0.

Thus, we are almost in the situation of (5.2), except for a symmetrization
of the tensor product.
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Theorem 5.2. Let u be a local suitable weak solution to (5.2) in the unit
parabolic cylinder Q1. Then, there exists a constant K > 0 such that

(5.4) ‖u‖2
L∞(Q1/2) ≤ K ‖u‖2

L2,∞(Q1).

The constant K just depends on the quantity 1∨‖A‖L∞(Q1).

At this point, we have not said anything about what we mean by a “lo-
cal suitable weak solution” for the system (5.2). Given our discussion in
Section 2, the following definition is not surprising at all.

Definition 5.3. Let u be a weak solution to (5.2) in the space-time cylin-
der Ω× (a,b). We call u a local suitable weak solution, if for every ball
B ⊂⊂Ω, every non-negative test function φ ∈ C∞

c (B × (a,b)) and for a.e.
t ∈ (a,b) the following inequality holds true

(5.5)

∫
B
|vB (t )|2φ(t )d x +2

∫ t

a

∫
B
|∇vB |2φd xd s ≤

≤
∫ t

a

∫
B
|vB |2(∂tφ+∆φ)d xd s +2

∫ t

a

∫
B

p0,B vB ·∇φd xd s+

+2
∫ t

a

∫
B

(u⊗A) : (φ∇vB +vB ⊗∇φ)d xd s.

Again, we will call this bound a generalized local energy inequality for the
system (5.2). This time, the individual terms in the local pressure decom-
position are

ph,B :=−P2,B u =−P2,B u,

p1,B :=−P2,B div(u⊗A),

p2,B :=P2,B∆u =P2,B∆u.

We also put

vB := u+∇ph,B , p0,B := p2,B −p1,B . ♦

Example 5.4. Let v be a weak solution to the Navier–Stokes equations
(5.3) in the unit parabolic cylinder Q1. Let us assume furthermore that
v is bounded in a neighbourhood of Q1/2 in Q1, say v ∈ L∞(Q3/4).

Then, for each i ∈ {1,2,3}, the partial derivative u = ∂i v is a local suit-
able weak solution to (5.2) in Q1/2 (with respect to A = v and the obvious
modification div(u⊗A) 7→ 2div(u⊗s A) for both the system and the corre-
sponding notion of a local suitable weak solution).

Indeed: Consider B ⊂⊂ B3/4. The strategy is to proceed by the differ-
ence quotient method. So let us write ∆i

k v = k−1(v(· +kei )−v) for small

enough k 6= 0 and τi
k A = A(·+kei ). (To be precise, the introduced trans-

lation and difference quotient operators only act on the spatial variable
and ei denotes the i -th standard basis vector in R3.)
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As v is a weak solution to the Navier–Stokes equations, the following re-
lation holds for every test function ϕ ∈ C 1

c

(−1/4,0;C∞
c,σ(B ,R3)

)
and small

enough k 6= 0

−
∫ 0

− 1
4

∫
B
∆i

k v∂tϕd xd t −
∫ 0

− 1
4

∫
B

(
∆i

k v⊗A+τi
k A⊗∆i

k v
)

: ∇ϕd xd t +

+
∫ 0

− 1
4

∫
B
∇∆i

k v : ∇ϕd xd t = 0.

Along the same lines as in [31], we infer from this using Steklov averages
that for every φ ∈C∞

c (B × (−1/4,0)) and for a.e. t ∈ (−1/4,0)∫
B

∣∣∆i
k v(t )+∇pk,i

h,B (t )
∣∣2
φ(t )d x −

∫ t

− 1
4

∫
B

∣∣∆i
k v+∇pk,i

h,B

∣∣2
∂tφd xd s

+
∫ t

− 1
4

∫
B
∇(
∆i

k v+∇pk,i
h,B

)
: ∇ϕd xd s −

∫ t

− 1
4

∫
B

(
pk,i

1,B +pk,i
2,B

)
divϕd xd s

−
∫ t

− 1
4

∫
B

(
∆i

k v⊗A+τi
k A⊗∆i

k v
)

: ∇ϕd xd s = 0,

where ϕ= 2φ
(
∆i

k v+∇pk,i
h,B

)
and

pk,i
h,B =−P2,B∆

i
k v, pk,i

2,B =P2,B∆(∆i
k v),

pk,i
1,B =−P2,B

(
div

(
∆i

k v⊗A
)+div

(
τi

k A⊗∆i
k v

))
.

Let us abbreviate for what follows wk,i
B = ∆i

k v+∇pk,i
h,B . Integration by

parts then reveals that for a.e. t ∈ (−1/4,0) and all φ ∈ C∞
c (B × (−1/4,0))

the following energy equality does hold∫
B

∣∣wk,i
B (t )

∣∣2
φ(t )d x +2

∫ t

− 1
4

∫
B

∣∣∇wk,i
B

∣∣2
φd xd s =

=
∫ t

− 1
4

∫
B

∣∣wk,i
B

∣∣2(∂tφ+∆φ)d xd s +2
∫ t

− 1
4

∫
B

(
pk,i

1,B +pk,i
2,B

)
wk,i

B ·∇φd xd s

+2
∫ t

− 1
4

∫
B

(
∆i

k v⊗A+τi
k A⊗∆i

k v
)

:
(
φ∇wk,i

B +wk,i
B ⊗∇φ)

d xd s.

In the sequel, we use this equality for two purposes. In a first step, we
exploit it in order to derive higher regularity for the velocity field. In the
second step, we then establish the asserted energy inequality.

To this end, note first that wk,i
B =∆i

k (v+∇ph,B ). Also recall that

∇ph,B ∈ L2(−1,0;W 1,2(B ,R3)
)

due to the Cattabriga–Solonnikov estimates. Hence, it holds∥∥∆i
k v

∥∥
L2(B×(−1,0)) ∨

∥∥wk,i
B

∥∥
L2(B×(−1,0)). 1,(5.6)
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and this bound is uniform over small enough k 6= 0. Using the bounded-
ness of the velocity field and again the Cattabriga–Solonnikov estimates,
a similar bound also holds for the other pressure terms, i.e. uniformly
over small enough k 6= 0∥∥pk,i

1,B

∥∥
L2(B×(−1,0)) ∨

∥∥pk,i
2,B

∥∥
L2(B×(−1,0)). 1.(5.7)

In addition, using Hölder’s and Young’s inequality we obtain the bound

(5.8)

2
∫ t

− 1
4

∫
B

(
∆i

k v⊗A+τi
k A⊗∆i

k v
)

: φ∇wk,i
B d xd s

≤C
∥∥∆i

k v
∥∥

L2(B×(−1,0)) +
∫ t

− 1
4

∫
B

∣∣∇wk,i
B

∣∣2
φd xd s.

for some constant C > 0. Fortunately, the last term appears with a factor
2 on the left-hand side of our equality above. For this reason, we may
subtract it and obtain for a.e. t ∈ (−1/4,0) and all φ ∈C∞

c (B × (−1/4,0))∫
B

∣∣wk,i
B (t )

∣∣2
φ(t )d x +

∫ t

− 1
4

∫
B

∣∣∇wk,i
B

∣∣2
φd xd s. 1.(5.9)

(Of course, the proportionality constant implicit in this bound does de-
pend on the test function.) Finally, note that ∇wk,i

B =∆i
k (∇v+∇2ph,B ). We

infer from this by standard theory for difference quotient approximations
that

∇v ∈ L∞(−1/4,0;L2(B1/2,R3×3)
)∩L2(−1/4,0;W 1,2(B1/2,R3×3)

)
.(5.10)

In particular, ∇2v ∈ L2(Q1/2) and due to Morrey embedding the velocity
field is Hölder continuous in the spatial variables. More precisely, there
exists 0 < γ< 1 such that

v ∈ L2(−1/4,0;Cγ(B 1/2,R3)
)
.(5.11)

As this is all what is needed for this work, we conclude at this point our
discussion of the higher regularity of bounded weak solutions.

Let us instead move on with the derivation of the required energy in-
equality (5.5). (Remember that in the context of the Navier–Stokes equa-
tions with velocity field v, we view the system 5.2 and the energy inequal-
ity (5.5) with the notational conventions A = v, u = ∂i v and div(u⊗A) 7→
2div(u⊗s A).)

Loosely speaking, this is just a matter of going to the limit k →∞ in the
energy equality above. As a matter of fact, the only terms for which the
desired convergence (with the desired limit) does not immediately fol-
low from the previous discussion are those incorporating τi

k A⊗∆i
k v. This

includes in particular the approximation of the non-harmonic pressure
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pk,i
1,B . But note that, as k → 0, we have

∆i
k v → ∂i v and τi

k A → A,(5.12)

with both convergences being strongly in L2(B1/2 × (−1/4,0)). Thus, we
obtain

τi
k A⊗∆i

k v*A⊗∂i v in L2(B1/2 × (−1/4,0)),(5.13)

and also

pk,i
1,B *−2P2,B div(∂i v⊗s A) in L2(B × (−1/4,0))(5.14)

for every B ⊂⊂ B1/2. This really concludes the proof of (5.5) as all the other
approximations appearing in the energy equality from above converge
strongly in L2. ♦

The strategy for the proof of 5.2 is pretty much identical to the one for
Theorem 4.1. The core of it is again given by an inductive argument, for
which a Caccioppoli inequality for the system (5.2) serves as the initial
step. More precisely, this Caccioppoli inequality reads as follows.

Proposition 5.5. Let u be a local suitable weak solution to the system
(5.2) in the unit parabolic cylinder Q1. Then, the following bound holds
for the gradient of the velocity field

(5.15) ‖∇u‖2
L2(Q1/2). (1∨‖A‖2

L∞(Q1))‖u‖2
L2(Q1).

The proportionality constant implicit in this bound is given by an abso-
lute constant.

Proof. First, choose arbitrary real numbers ρ and r , such that 1/2 ≤ ρ <
r ≤ 1, and put σ= (r +ρ)/2. Furthermore, let φ ∈C∞

0 (Q) be a smooth and
in Q1 compactly supported function with the following properties:

i) 0 ≤φ≤ 1 in Q1,

ii) φ≡ 0 in Q1 \ Bσ× (−σ2,σ2),

iii) φ≡ 1 in Qρ, and

iv) |φt |+ |∆φ|+ |∇φ|2. (r −ρ)−2 uniformly in Q1.

This time, we carry out the local pressure decomposition on the ball Bσ

and abbreviate for what follows v = vBσ (and so on).
Inserting the test function φ2 into our energy inequality (2.15) yields

the bound

(5.16) esssup
t∈(−σ2,0)

‖φ(t )v(t )‖2
L2(Bσ) +2‖φ∇v‖2

L2(Qσ). J1 + J2 + J3 + J4,
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where

J1 =
∫

Qσ

|v|2|φt +∆φ|d xd t , J2 =
∫

Qσ

φ|u||v||A||∇φ|d xd t ,

J3 =
∫

Qσ

φ2|u||∇v||A|d xd t , J4 =
∫

Qσ

φ|p0||v||∇φ|d xd t .

Beginning with J1, we obtain from the Cattabriga–Solonnikov estimates
the bound

J1. (r −ρ)−2‖u‖2
L2(Qr ).(5.17)

In virtually the same manner, the term J2 admits the bound

J2. (r −ρ)−1‖A‖L∞(Q1)‖u‖2
L2(Qr ).(5.18)

For the third term, we deduce that for every δ> 0

(5.19)
J3. ‖A‖L∞(Q1)‖u‖L2(Qr )‖φ∇v‖L2(Qσ)

. δ−1‖A‖2
L∞(Q1)‖u‖2

L2(Qr ) +δ‖φ∇v‖2
L2(Qσ).

It remains to bound the pressure terms p1 and p2. For the latter one,
we simply compute for any δ> 0 the bound

(5.20)

∫
Qr

|v||p2||∇φ|d xd t . (r −ρ)−1‖u‖L2(Qr )‖p2‖L2(Qσ)

. δ−1(r −ρ)−2‖u‖2
L2(Qr ) +δ‖∇u‖2

L2(Qσ).

For the non-harmonic pressure term, we obtain

(5.21)

∫
Qr

|v||p1||∇φ|d xd t . (r −ρ)−1‖u‖L2(Qr )‖p1‖L2(Qr )

. (r −ρ)−1‖A‖L∞(Q1)‖u‖2
L2(Qr ).

Finally, note that

(5.22) ‖∇u‖2
L2(Qρ). ‖φ∇v‖2

L2(Qσ) +‖∇2ph‖2
L2(Qρ),

and by the classical Caccioppoli inequality for harmonic functions

(5.23) ‖∇2ph‖2
L2(Qρ). (r −ρ)−2‖u‖2

L2(Qσ).

Choosing δ > 0 sufficiently small in (5.19) and (5.20), we infer from our
estimates (5.16) to (5.23) that

‖∇u‖2
L2(Qρ). (r −ρ)−2(1∨‖A‖2

L∞(Q1))‖u‖2
L2(Q1) +

1

2
‖∇u‖2

L2(Qr ).

Thus, we are precisely in the situation of Proposition A.1, and the desired
bound in (5.15) follows immediately from (A.2). �
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The above Caccioppoli inequality for local suitable weak solutions was
given in terms of the unit parabolic cylinder. How about general parabolic
cylinders QR (x0, t0) = (t0 −R2, t0)×BR (x0)? In this case, note first that (lo-
cal suitable weak) solutions to the system given in (5.2) obey the following
scaling symmetry:

u(t , x) 7→λu
(
λ(x −x0),λ2(t − t0)

)
,

p(t , x) 7→λ2p
(
λ(x −x0),λ2(t − t0)

)
,

A(t , x) 7→λA
(
λ(x −x0),λ2(t − t0)

)
.

In particular, solutions defined in QR (x0, t0) can be rescaled to solutions
in parabolic cylinders with top-centre point at (0,0) ∈R3 ×R.

Secondly, let us introduce the following scale-invariant quantities:

(5.24)
A(R) = R−2‖A‖2

L∞(QR (x0,t0)), B(R) = R−1‖∇u‖2
L2(QR (x0,t0))

C (R) = R−1‖u‖2
L2,∞(QR (x0,t0)), D(R) = R−3‖u‖2

L2(QR (x0,t0)).

(Space-time translations do not play any particular role, so that we omit
again the location of the top-centre point in the notation.) With this no-
tation at hand, our Caccioppoli inequality from (5.15) reads as follows in
scale-invariant fashion:

(5.25) B(R/2). (1∨ A(R))D(R).

Being equipped with this Caccioppoli inequality, we are now in posi-
tion to prove the pendant of Proposition 4.2 for the system (5.2). To this
end, let us first recall the following notation:

rn = 2−n , I n = (−r 2
n ,0), B n = Brn (0), Qn = B n × I n , n ≥ 1.

Furthermore, we fix

B = B 2, ph = ph,B , p1 = p1,B , p2 = p2,B , v = u+∇ph .

Proposition 5.6. Let u be a local suitable weak solution to the system
(5.2) in the unit parabolic cylinder Q1. There exists an integer n0 ≥ 2,
such that for all n ≥ n0, the following bound holds
(5.26)

r−3
n esssup

I n

∫
B n

|u|2d x + r−3
n

∫
Qn

|∇u|2d xd t . 23n0 (1∨ A(1/2))C (1/2).

Furthermore, the integer n0 just depends on the quantity 1∨ A(1). The
constant hidden in the bound (5.26) is given by the maximum of 1 and
the hidden constant in our Caccioppoli inequality (5.15). (For the defini-
tion of the various scale-invariant quantities, see (5.24).)
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Proof. We argue by induction on n ≥ n0 and start with the
Induction basis (n = n0): Due to our Caccioppoli inequality in (5.25),

there is nothing to prove here, so we immediately move on to the
Induction step (n−1 7→ n): So let n ≥ n0+1. At the end of the induction

step, we will observe how to choose n0 ∈N. For obvious reasons, we again
make use of a suitably regularized version for the fundamental solution
to the backward heat equation. This time, choose as a regularizer a cut-
off function χ which is smooth at least on R3 × (−∞,0], and which has
in addition the following properties: 0 ≤ χ ≤ 1, χ ≡ 1 in Qn0+1 and χ ≡ 0
outside of Qr̃n0

, where r̃n0 = 1/2(rn0+1 + rn0 ). Put

φn :=χψn ≥ 0,

where ψn denotes the fundamental solution of the backward heat equa-
tion with singularity at (0,r 2

n).
Now, we insert φn in our generalized energy inequality (5.5). We infer

from the bound in (4.6) that

(5.27) r−3
n ‖v‖2

L2,∞(Qn ) +2r−3
n ‖∇v‖2

L2(Qn ). J1 + J2 + J3 + J4 + J5,

where

J1 =
∫

Qn0
|v|2 ∣∣∂tφn +∆φn

∣∣ d xd t , J2 =
∫

Qn0
|u||v||A||∇φn |d xd t ,

J3 =
∫

I n0

∣∣∣∣∫
B n0

p1v ·∇φnd x

∣∣∣∣d t , J4 =
∫

I n0

∣∣∣∣∫
B n0

p2v ·∇φnd x

∣∣∣∣d t ,

J5 =
∫

Qn0
|u||∇v||A|φn d xd t .

Before we proceed with all of these individual terms, let us make the
following elementary observation from the induction hypothesis

(5.28)
r−3

n esssup
I n

∫
B n

|u|2d x ≤ 23r−3
n−1 esssup

I n−1

∫
B n−1

|u|2d x

. 23n0 (1∨ A(1/2))C (1/2).

As another preparation for what follows, let us take a closer look at the
(harmonic) pressure term ph . For this, let k ∈ {n0, . . . ,n}. On one side, we
can exploit the mean value inequality for harmonic functions to get

(5.29)
r−5

k

∫
Qk

|∇ph |2d xd t . r−5
k

∫
Qk

∣∣∣∣esssup
I n0

‖∇ph‖L1(B 2)

∣∣∣∣2

d xd t

. esssup
I 2

‖∇ph‖2
L2(B 2).
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On the other side, using in addition the classical Caccioppoli inequality
for harmonic functions, we derive the following bound (r̃n0 ≤ 3/16)

(5.30)

r−5
k

∫
Qk
φ2

n |∇2ph |2d xd t . r−5
k

∫
Qk

∣∣∣∣esssup
I n0

‖∇2ph‖L1(B3/16)

∣∣∣∣2

d xd t

. esssup
I 2

‖∇2ph‖2
L2(B3/16)

. esssup
I 2

‖∇ph‖2
L2(B 2).

Now, let us begin to estimate term by term in (5.27). Due to the bound
in (4.5), the term J1 can be estimated immediately as follows

(5.31) J1. ‖u‖2
L2(Q2).D(1/2).

For the second term, we make use of (4.7), (5.28), (5.29) and the induction
hypothesis to obtain the bound

(5.32)
J2. ‖A‖L∞(Qn0 )

n∑
k=n0

rk

(
r−5

k

∫
Qk

|u|2d xd t

) 1
2
(
r−5

k

∫
Qk

|v|2d xd t

) 1
2

. (1∨ A(1))2−n0 23n0 (1∨ A(1/2))C (1/2).

Furthermore, we can estimate

J5. ‖A‖L∞(Qn0 )

n−1∑
k=n0

r 2
k

(
r−5

k

∫
Qk

|u|2d xd t

) 1
2
(
r−5

k

∫
Qk

|∇v|2d xd t

) 1
2 +

+‖A‖L∞(Qn0 )r
2
n

(
r−5

n

∫
Qn

|u|2d xd t

) 1
2
(
r−5

n

∫
Qn

|∇v|2d xd t

) 1
2

.

Hence, the induction hypothesis, Young’s inequality and (5.28) as well as
(5.30) yield an appropriate bound for J5:

J5. (1∨A(1))(2−n0 23n0+2
3
2 n0 )(1∨A(1/2))C (1/2)+2− n0

2 r−3
n

∫
Qn

|∇v|2d xd t .

In fact, the proportionality constant in front of the second term is just a
multiple of the absolute constant c > 0 from (4.6). In other words, choos-
ing n0 appropriately enables us to absorb this term into the left hand side
of (5.27). Hence, all what is essential for us is contained in the bound

(5.33) J5. (1∨ A(1))(2−n0 23n0 +2
3
2 n0 )(1∨ A(1/2))C (1/2).

This leaves us with the pressure terms. To this end, let us begin again
with J4 as the pressure term p2 is harmonic. As in the proof of Proposition
4.2, we obtain the bound

(5.34) J4.
n∑

k=n0+1
r−4

k

∫
Qk

|v||p2−[p2]B k |d xd t+
∫

Q2
|v||p2|d xd t =: J ′4+ J ′′4 .
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We can bound the latter term by means of our Caccioppoli inequality
(5.25) as follows

(5.35) J ′′4 . ‖u‖2
L2(Q2) +‖∇u‖2

L2(Q2). (1∨ A(1/2))C (1/2).

Next, we estimate

J ′4.
n∑

k=n0+1
rk

(
r−5

k

∫
Qk

|v|2d xd t

) 1
2
(
r−5

k

∫
Qk

|p2 − [p2]B k |2d xd t

) 1
2

.

As p2 is harmonic, we obtain for all k ∈ {n0+1, . . . ,n}(
r−5

k

∫
Qk

|p2 − [p2]B k |2d xd t

) 1
2

.
(
r−5

k

∫
I k

(rk

22

)5
∫

B 2
|p2 − [p2]B 2 |2d xd t

) 1
2

. ‖∇u‖L2(Q2),

and thus also

(5.36) J4. (1+2−n0 )2
3
2 n0 (1∨ A(1/2))C (1/2).

For the non-harmonic pressure field, we again start with the bound

J3.
n∑

k=n0+1
r−4

k

∫
Qk

|v||p1 − [p1]B k |d xd t +
∫

Q2
|v||p1|d xd t =: J ′3 + J ′′3 .

An elementary computation shows that

J ′′3 . A(1/2)D(1/2).

The other term is treated similarly as in the proof of Proposition 4.2, i.e.
the following inequality is satisfied for all choices of rn ≤ ρ < r ≤ rn0 :∫

Qρ

∣∣p1 − [p1]Bρ

∣∣2d xd t .

. 23n0 (1∨ A(1/2))C (1/2)ρ4 +
(ρ

r

)4
∫

Qr

∣∣p1 − [p1]Br

∣∣2d xd t .

In particular, this entails for all k ∈ {n0+1, . . . ,n} the bound

r−4
k

∫
Qk

∣∣p1 − [p1]B k

∣∣2d xd t . 23n0 (1∨ A(1/2))C (1/2)+
∫

Q2
|p1|2d xd t

. 23n0 (1∨ A(1/2))C (1/2)+‖u‖2
L2(Q2)

. 23n0 (1∨ A(1/2))C (1/2).

Eventually, we are in position to derive a bound for J ′3 as follows

J ′3.
n∑

k=n0+1
r

1
2

k

(
r−5

k

∫
Qk

|v|2d xd t

) 1
2
(
r−4

k

∫
Qk

∣∣p1 − [p1]B k

∣∣2d xd t

) 1
2

. 2− n0
2 23n0 (1∨ A(1/2))C (1/2).
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Therefore, a bound for the term involving the non-harmonic pressure p1

is then given by

J3.
(
1+2− n0

2 23n0
)

(1∨ A(1/2))C (1/2).(5.37)

Now, from our bounds in (5.31), (5.32), (5.33), (5.36) and (5.37), we can
deduce that

(5.38)
r−3

n ‖v‖2
L2,∞(Qn ) + r−3

n ‖∇v‖2
L2(Qn )

. (1∨ A(1))2− n0
2 23n0 (1∨ A(1/2))C (1/2).

But remind that

‖φ1/2
n ∇ph‖2

L2,∞(Qn ) ∨‖φ1/2
n ∇2ph‖2

L2(Qn ).C (1/2)

due to our computation in (5.29) and (5.30). Thus, the bound in (5.38)
also holds when we replace v by u. As the proportionality constant im-
plicit in this bound does not depend on any of our parameters, all what
is left to do is to choose n0 sufficiently large in order to conclude the
proof. �

By a simple scaling argument and interpolation inequality (A.10), we
obtain from the result above our Theorem 5.2.

Proof. Consider some arbitrary space-time point (y0, s0) ∈ Q1/2(0,0) and
let

ũ(x, t ) = 2−1u
(
y0 +2−1x, s0 +2−2t

)
,

Ã(x, t ) = 2−1A
(
y0 +2−1x, s0 +2−2t

)
for (x, t ) ∈Q1. Note that ũ is a local suitable weak solution for (1.1) in Q1

with respect to Ã and

‖ũ‖3
L2,∞(Q1) = 2

3
2 ‖u‖3

L2,∞(Q1/2(y0,s0)). ‖u‖3
L2,∞(Q1).

In addition, by interpolation inequality (A.10) and from our bound in
(5.26) we also obtain for every n ≥ n0 that

r−5
n ‖ũ‖3

L3(Qn ).
(
r−3

n ‖ũ‖2
L2,∞(Qn ) + r−3

n ‖∇ũ‖2
L2(Qn )

) 3
2

. 2
9
2 n0

(
1∨‖A‖L∞(Q1)

) 3
2 ‖ũ‖3

L2,∞(Q1).

Here, it is crucial to note that n0 can be chosen independently of the
choice of (y0, s0) ∈ Q1/2(0,0). As a matter of fact, this n0 just depends on
the quantity 1∨‖A‖L∞(Q1), as the proof of Proposition 5.6 reveals. Thus, a
simple change of variables shows that the bound

(5.39) r−5
n+1

∫
Qn+1(y0,s0)

|u(y, s)|3d yd s. 2
9
2 n0

(
1∨‖A‖L∞(Q1)

) 3
2 ‖u‖3

L2,∞(Q1)
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holds uniformly over all n ≥ n0 and (y0, s0) ∈ Q1/2(0,0). But as almost
every (y0, s0) ∈ Q1/2(0,0) is a Lebesgue point of u, the assertion follows
directly from this last bound. �

5.2 Application to spatial derivatives

As an application of our results of the previous subsection, we want to
establish the announced local L∞-bound for the spatial derivatives of a
local suitable weak solution of the Navier–Stokes equations (i.e. Theorem
5.1). In the following lemma, we summarize the situation which shall
underlie this whole section. For the proof, we refer to Example 5.4.

Lemma 5.7. Let v be a local suitable weak solution of the Navier–Stokes
equations in the unit parabolic cylinder Q1 with ‖v‖2

L2,∞(Q1)
≤ ε2. Here,

ε > 0 is the absolute constant from Theorem 4.1. In this situation, all
assertions in Example 5.4 hold.

In particular, each spatial derivative of v is a local suitable weak solu-
tion of (5.2) in the half parabolic cylinder Q1/2. (Of course, this is meant
in the sense that the convection term in (5.2) is replaced by 2div(u⊗s A).)

For future reference, let us restate the corresponding generalized en-
ergy inequality which holds for every ball B ⊂⊂ B1/2, every non-negative
test function φ ∈C∞

c (B × (−1/4,0)) and a.e. t ∈ (−1/4,0):

(5.40)

∫
B
|wB (t )|2φ(t )d x +2

∫ t

− 1
4

∫
B
|∇wB |2φd xd s ≤

≤
∫ t

− 1
4

∫
B
|wB |2(∂tφ+∆φ)d xd s +2

∫ t

− 1
4

∫
B

(q1,B +q2,B )wB ·∇φd xd s

+2
∫ t

− 1
4

∫
B

(∂i v⊗s v) : (φ∇wB +wB ⊗∇φ)d xd s,

where wB = ∂i v+∇qh,B and

qh,B =−P2,B∂i v, q1,B =−P2,B
(
div(∂i v⊗s v)

)
, q2,B =P2,B∆(∂i v).

In order to establish the desired bound for the derivatives, we will first
prove the following lemma which constitutes the pendant to the Cacciop-
poli inequality (3.3). It also sharpens in a certain sense the Caccioppoli
inequality for the system (5.2).

Lemma 5.8. Let v be a local suitable weak solution to the Navier–Stokes
equations in the unit parabolic cylinder Q1 such that ‖v‖2

L2,∞(Q1)
≤ ε2.

Here, ε > 0 is the absolute constant from Theorem 4.1. Then, the fol-
lowing bound holds for every spatial derivative of v

(5.41) ‖∂i v‖2
L2,∞(Q4) +‖∇∂i v‖2

L2(Q4). ‖v‖2
L2,∞(Q1).
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The proportionality constant implicit in this bound is an absolute con-
stant.

Remark 5.9. Due to our Caccioppoli inequality for the system (5.2) and
the Caccioppoli inequality in (3.3), there is no difficulty in order to obtain
the desired bound for ∇∂i v. But for the first term, some specific work is
needed here. ♦
Proof. Choose a smooth cut-off function φ such that 0 ≤ φ ≤ 1, φ ≡ 1 in
Q4 and suppφ⊂Q3. Next, insert φ2 into the generalized energy inequal-
ity (5.40). This yields the bound

(5.42) ‖φw‖2
L2,∞(Q3) +2‖φ∇w‖2

L2(Q3). J1 + J2 + J3 + J4 + J5,

where

J1 =
∫

Q3
|w|2 ∣∣∂tφ+∆φ∣∣ d xd t , J2 =

∫
Q3
φ|∂i v||w||v||∇φ|d xd t ,

J3 =
∫

Q3
φ2|∂i v||∇w||v|d xd t , J4 =

∫
Q3
φ|q2||w||∇φ|d xd t ,

J5 =
∫

Q3
φ|q1||w||∇φ|d xd t .

On multiple occasions, we will encounter the term ‖v‖L∞(Q3). Due to
Theorem 4.1 and the fact that ε≤ 1, we can estimate this term as follows

‖v‖L∞(Q3) ≤
√

K0‖v‖L2,∞(Q1). 1.

In other words, we will forget about it in the following.
Now, let us estimate each term in (5.42). For the first term, we make

use of the Cattabriga–Solonnikov estimate ‖∇qh‖2
L2(Q2)

. ‖∂i v‖2
L2(Q2)

and

the Caccioppoli inequality in (3.3), i.e.

(5.43) J1. ‖∂i v‖2
L2(Q2) +‖∇qh‖2

L2(Q2). ‖v‖2
L2,∞(Q1).

The second term can be treated along the same lines. Hence, we obtain

(5.44) J2. ‖v‖L∞(Q3)‖∂i v‖L2(Q2)‖w‖L2(Q2). ‖v‖2
L2,∞(Q1).

The third term involves the gradient of w, i.e. we have to find suitable
bounds for ∇2qh and ∇∂i v. For the latter one, we simply employ our Cac-
cioppoli inequality from (5.15), and for the other one, we exploit the clas-
sical Caccioppoli inequality for harmonic functions. Therefore, we can
compute

(5.45) J3. ‖∂i v‖L2(Q2)(‖∇∂i v‖L2(Q2) +‖∇qh‖L2(Q2)). ‖v‖2
L2,∞(Q1).

For the term involving q2, note first that ‖q2‖2
L2(Q2)

. ‖∇∂i v‖2
L2(Q2)

due

to (2.2). So as above, we deduce

(5.46) J4. ‖q2‖L2(Q2)‖w‖L2(Q2). ‖v‖2
L2,∞(Q1).
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Finally, we remark that ‖q1‖2
L2(Q2)

. ‖∂i v⊗s v‖2
L2(Q2)

again by (2.2). But as

v is bounded in Q1/2, we infer

(5.47) J5. ‖q2‖L2(Q2)‖w‖L2(Q2). ‖∂i v‖L2(Q2)‖w‖L2(Q2). ‖v‖2
L2,∞(Q1).

All these estimates together imply that

(5.48) ‖φw‖2
L2,∞(Q4). ‖φw‖2

L2,∞(Q3). ‖v‖2
L2,∞(Q1).

In the final step, we want to replace w with v on the left hand side of
this last inequality. To this end, we begin with the following elementary
observation

‖v‖2
L2,∞(Q4). ‖φw‖2

L2,∞(Q3) +‖∇qh‖2
L2,∞(Q3).

The problem with the last term is that the Cattabriga–Solonnikov esti-
mate ‖∇qh‖2

L2,∞(Q2)
. ‖∂i v‖2

L2,∞(Q2)
is of no help for us, as the quantity

‖∂i v‖2
L2,∞(Q2)

admits no bound in terms of ‖v‖2
L2,∞(Q1)

. So, what can we

do instead?
First recall that qh is harmonic, i.e. the classical Caccioppoli inequality

for harmonic functions guarantees

‖∇qh‖2
L2,∞(Q3). ‖qh‖2

L2,∞(Q2).

On the other side, the uniqueness statement in Proposition 2.1 entails
that

qh = ∂i P2,B 2 v− [
∂i P2,B 2 v

]
B 2 .

(The correction term appears, because qh ∈ L2(−1/16,0;L2
0(B 2)).) Hence,

we obtain the bound

(5.49) ‖∇qh‖2
L2,∞(Q3). ‖∇P2,B 2 v‖2

L2,∞(Q2). ‖v‖2
L2,∞(Q1).

The assertion eventually follows from this last observation, the bound in
(5.48) and the remark preceding this proof. �

We are now in a position to prove Theorem 5.1. As a matter of fact,
we can choose ε1 ∼ ε. Therefore, if ‖v‖2

L2,∞(Q1)
≤ ε2

1 then the last lemma

together with (a rescaled version of) Theorem 5.2 yield the bound

‖∂i v‖2
L∞(Q5). ‖v‖2

L2,∞(Q1).

Since ε ∼ 1
K in Theorem 4.1, the proportionality constant implicit in this

bound is an absolute constant. Similar to the proof of Theorem 5.2, an
appropriate rescaling argument shows on one side, how to choose the
(absolute) constant K1 and on the other side that we indeed obtain from
this the desired bound

(5.50) ‖∂i v‖2
L∞(Q1/2) ≤ K1‖v‖2

L2,∞(Q1).
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A Appendix

For reader’s convenience and for reference purposes, we collect in this
short appendix the most essential techniques and results which are used
throughout the text.

Iteration procedures We start with two important and very useful itera-
tion schemes. Even though both of them are well known results, we want
to present their proofs here since the proofs are short and both iteration
schemes are fundamental tools. For instance, they are key to the regu-
larity theory of elliptic equations whenever one wants to avoid potential
theory (cf. [9]). This approach to regularity theory is exposed, for exam-
ple, in the textbooks of Giaquinta [8, 9] whereat the ideas itself already
date back to the works of Morrey [16] and Campanato [2].

Proposition A.1. Let Ψ : [a,b] → [0,∞) be a bounded function, 0 ≤ a <
b. Furthermore, assume that there are non-negative constants A,B ,γ,θ
with θ < 1 such that

(A.1) Ψ(ρ) ≤ A+B(r −ρ)−γ+θΨ(r )

holds for all a ≤ ρ < r ≤ b. Then there exists a constant c = c(γ,θ) such
that

(A.2) Ψ(a) ≤ c
{

A+B(b −a)−γ
}

.

Proof. We proceed as in [8]. Let 0 < α < 1 and consider the sequence
(rn)n∈N0 , which we define recursively by

r0 = a, rk+1 = rk + (1−α)αk (b −a)

for k ∈N0. Iterating inequality (A.1) yields for all n ∈N

Ψ(a) ≤ A
n−1∑
k=0

θk +B
n−1∑
k=0

θk (rk+1 − rk )−γ+θnΨ(rn)

≤ A

1−θ + B

(1−α)γ
(b −a)−γ

n−1∑
k=0

(θα−γ)k +Mθn ,

where M is an upper bound for Ψ on [a,b]. A judicious choice of α en-
ables us to take the limit n →∞, i.e.

(A.3) Ψ(a) ≤ A

1−θ + B

(1−α)γ(1−θα−γ)
(b −a)−γ,

which finishes the proof. �

Proposition A.2. Let Ψ : [a,b] → [0,∞) be a function, 0 < a < b ≤ 1, such
that for all a ≤ ρ < r ≤ b and some absolute constant M > 0 the inequality
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Ψ(ρ) ≤ MΨ(r ) holds. Furthermore, assume that there are non-negative
constants A,B ,α,β with 0 <α<β and B > 1, such that the inequality

(A.4) Ψ(ρ) ≤ Arα+B
(ρ

r

)β
Ψ(r )

holds for all a ≤ ρ < r ≤ b. Then there exists a constant c = c(M ,B ,α,β)
such that

(A.5) Ψ(ρ) ≤ c
{

Aρα+
(ρ

r

)α
Ψ(r )

}
is true for all a ≤ ρ < r ≤ b.

Proof. We follow the argumentation in [28]. Put θ = (2B)1/(β−α) and choose
(the unique) k ∈ N0 such that θk < r /ρ ≤ θk+1. If k = 0 we immediately
obtain

Ψ(ρ) ≤ MΨ(r ) ≤ Mθα
(ρ

r

)α
Ψ(r ) = M(2B)

α
β−α

(ρ
r

)α
Ψ(r ).

If k ≥ 1 iterating inequality (A.4) yields

Ψ(ρ) ≤ MΨ(rθ−k ) ≤ M
{

rαθ−α(k−1) A+Bθ−βΨ
(
rθ−(k−1)

)}
≤ M

{
rαθ−α(k−1) A

k−1∑
j=0

(
θα−βB

) j +B kθ−kβΨ(r )

}
.

Since θα−βB = 1/2 and θ−α(k+1)rα ≤ ρα, we obtain

Ψ(ρ) ≤ Mθ−α(k+1)
{

Aθ2αrα+
(
θα−βB

)k
θαΨ(r )

}
≤ M(2B)

2α
β−α Aρα+M(2B)

α
β−α

(ρ
r

)α
Ψ(r ).

Hence, the claim follows with c = c(M ,B ,α,β) = M(2B)2α/(β−α). �

Estimates for harmonic functions Next, we state some important esti-
mates for harmonic functions. To this end, let V ⊂ Rd be a domain and
v ∈ H 1(V ,Rm) a weak solution to ∆v = 0 in V , i.e. Laplace’s equation shall
hold in the sense of distributions. By a standard argument one obtains
that for all x0 ∈V and ρ < r < dist(x0,∂V ) the following inequality holds

(A.6)
∫

Bρ(x0)

|∇v|2 dx ≤ c

(r −ρ)2

∫
Br (x0)

|v|2 dx,

where c > 0 is an absolute constant.
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Proof. Being a weak solution to Laplace’s equation precisely means that
for all smooth test functionsϕ ∈C∞

c (V ,Rm) the following equation holds∫
V

∇v : ∇ϕdx = 0.

Now, choose a cut-off function φ ∈ C∞
c (V ) with support in Br (x0), such

that 0 ≤ φ ≤ 1, φ ≡ 1 in Bρ(x0) and |∇φ| ≤ c/(r − ρ), where c > 0 is an
absolute constant. Note that ϕ = φ2v ∈ H 1

0 (V ,Rm). In particular, we can
test the solution v against this particular function and obtain∫

Br (x0)

φ2∇v : ∇v+2φ∇v : (v ·∇φ)dx = 0.

From this, deducing (A.6) is just a matter of using Cauchy-Schwarz in-
equality and the properties of the cut-off function φ. �

In the literature an estimate of type (A.6) is referred to as Caccioppoli
inequality. Together with Sobolev imbedding and Poincaré inequality,
one can then deduce the following estimate for harmonic functions due
to Campanato [2]

(A.7)
∫

Bρ(x0)

∣∣v− [v]Bρ(x0)
∣∣2 dx ≤ c

(ρ
r

)n+2
∫

Br (x0)

∣∣v− [v]Br (x0)
∣∣2 dx.

Here c = c(d ,m) > 0 denotes again an absolute constant and the assump-
tions on the radii of the concentric balls are the same as above. We refer
to an estimate of type (A.7) as Campanato inequality.

As it turns out, for our purposes we will need appropriate Lp gener-
alizations of these two inequalities. For instance, with respect to Cam-
panato inequality we would like to have a suitable version even for the
degenerate case of 1 < p < 2. Fortunately, this particular question was al-
ready successfully dealt with in [27, 28]. More precisely, we are equipped
with the following result.

Proposition A.3. Let V ⊂ Rd be a domain and v ∈ W 1,p (V ,Rm) a weak
solution to ∆v = 0 in V , where 1 < p < 2. Then, for all x0 ∈ V and all
ρ < r < dist(x0,∂V ), the following generalized Lp -Campanato inequality
holds true

(A.8)
∫

Bρ(x0)

∣∣v− [v]Bρ(x0)
∣∣p dx ≤ c

(ρ
r

)n+p
∫

Br (x0)

∣∣v− [v]Br (x0)
∣∣p dx,

with the constant c > 0 depending only on the dimensions and the choice
of p.
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With respect to the classical Caccioppoli inequality (A.6) for harmonic
functions, we will need a suitable generalization for the case 2 < p <∞.
For this, recall that by means of the mean value equality, roughly speaking
the L∞-norm of a harmonic function is controlled by the corresponding
L1-norm. Having this in mind, it is now natural to consider an interpola-
tion argument for the proof of

Proposition A.4. Let V ⊂ Rd be a domain, v ∈ H 1(V ,Rm) a weak solution
for Laplace’s equation ∆v = 0 in V and 2 < p < ∞. Then, for all x0 ∈ V
and all ρ < r < dist(x0,∂V ), the following generalized Lp -Caccioppoli in-
equality holds true

(A.9)
∫

Bρ(x0)

|∇v|p dx ≤ c

(
rα(d ,p)

(r −ρ)α(d ,p)+1

)p ∫
Br (x0)

|v|p dx,

with α(d , p) = d(p −2)/2 and the constant c > 0 solely depending on p.

Proof. First of all, it is well known that actually v ∈C∞(V ,Rm). Now, con-
sider arbitrary real numbers ρ ≤ s < t ≤ r . By the mean value equality we
know that for all y ∈ Bs(x0)

|∇v(y)| ≤ 1

|Bt−s(y)|
∫

Bt−s (y)

|∇v(x)|dx ≤ c

(t − s)d
‖∇v‖L1(Bt (x0)).

On the other side, interpolation yields

‖∇v‖Lp (Bs (x0)) ≤ ‖∇v‖2/p
L2(Bs (x0))

‖∇v‖(p−2)/p
L∞(Bs (x0)).

Together with the classical Caccioppoli inequality, these two bounds im-
ply that∫
Bs (x0)

|∇v|p dx ≤ c
1

(t − s)2

∫
Bt (x0)

|v|2 dx · 1

(t − s)d(p−2)
‖∇v‖p−2

L1(Bt (x0))

≤ c
r d(p−2)/p

(t − s)2

(∫
Br (x0)

|v|p dx

) 2
p · r d(p−2)(p−1)/p

(t − s)d(p−2)
‖∇v‖p−2

Lp (Bt (x0))

= c
r d(p−2)

(t − s)d(p−2)+2

(
‖v‖p

Lp (Br (x0))

) 2
p
(
‖∇v‖p

Lp (Bt (x0))

) p−2
p

.

whereat we also used Hölder inequality. An application of Young inequal-
ity eventually shows that∫

Bs (x0)

|∇v|p dx ≤ c

(
rα(d ,p)

(t − s)α(d ,p)+1

)p ∫
Br (x0)

|v|p dx + p −2

p

∫
Bt (x0)

|∇v|p dx.
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Since 0 < (p − 2)/p < 1, it remains to exploit the iteration scheme from
Proposition A.1 to complete the proof. �

An interpolation inequality Let r > 0, (x0, t0) ∈ R3 ×R and consider the
parabolic space-time cylinder Qr (x0, t0) = Br (x0)× (t0 − r 2, t0). It is not
hard to establish the following well-known interpolation inequality which
is used frequently in the text.

Proposition A.5. Let u : Qr → R3 be a vector-valued function with finite
energy, i.e. u ∈ L2,∞(Qr )∩L2

(
t0−r 2, t0;W 1,2(Br (x0),R3)

)
. (Here, we abbre-

viated Qr =Qr (x0, t0).) Then, the following inequality is valid:

(A.10) ‖u‖3
L3(Qr ). r

1
2 ‖u‖

3
2

L2,∞(Qr )

(
‖∇u‖2

L2(Qr ) +‖u‖2
L2,∞(Qr )

) 3
4

.

The proportionality factor implicit in this bound is given by an absolute
constant.

Proof. Fix t ∈ (t0 − r 2, t0) such that u(t ) ∈ W 1,2(Br (x0),R3). By Hölder’s
inequality, we obtain the bound∫

Br (x0)

|u(t )|3 dx =
∫

Br (x0)

|u(t )| 3
2 |u(t )| 3

2 dx

≤
(∫

Br (x0)
|u(t )|2 dx

) 3
4
(∫

Br (x0)
|u(t )|6 dx

) 1
4

.

Furthermore, a version of the Gagliardo–Nirenberg inequality ensures that

‖u(t )‖L6(Br (x0)).
(∫

Br (x0)
|∇u(t )|2 + r−2|u(t )|2 dx

) 1
2

.

Hence,∫
Br (x0)

|u(t )|3 dx .
(∫

Br (x0)
|u(t )|2 dx

) 3
4
(∫

Br (x0)
|∇u(t )|2 + r−2|u(t )|2 dx

) 3
4

.

As this last bound holds for a.e. t ∈ (t0 − r 2, t0), we can integrate in time
and obtain (after another application of Hölder’s inequality) the bound∫

Qr

|u|3 dx . r
1
2 ‖u‖

3
2

L2,∞(Qr )

(∫
Qr

|∇u|2 + r−2|u|2 dx

) 3
4

.

This concludes the proof. �
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A result from the Lp -theory for the bi-harmonic equation As it turns
out, the following result for the bi-harmonic equation will be of great im-
portance. We refer to [23] for a proof.

Proposition A.6. Let U ⊂Rd be an open and bounded set with boundary
∂U in C 2 and let 1 < p <∞. For every F ∈W 2,p

0 (U )′ there exists a uniquely

determined function u ∈W 2,p
0 (U ) such that for every φ ∈C∞

c (U )∫
U

∆u∆φdx = F (φ).

Furthermore, in this situation the following bound does hold

(A.11) ‖u‖
W

2,p
0 (U )

. ‖F‖
W

2,p
0 (U )′ .

Hausdorff measures Consider Rd and letα> 0, 0 < δ≤ 1. Furthermore,
we denote by K the set of all compact subsets of Rd . Then, for all A ⊂Rd ,
we define outer measures Hα,δ and Hα by means of

Hα,δ(A) := inf

{ ∞∑
n=1

diam(An)α : An ∈K, diam(An) ≤ δ, A ⊂
∞⋃

n=1
An

}
,

Hα(A) := sup
0<δ≤1

Hα,δ(A).

We call Hα the α-dimensional outer Hausdorff measure. Let us denote
by Aα the set of all Hα-measurable subsets of Rd . The general construc-
tion theme for measures due to Carathéodory then guarantees that the
triple (Rd ,Aα,Hα|Aα) is indeed a measure space. Furthermore, it is a
well-known fact that all Borel-measurable subsets of Rd are contained in
the σ-algebra Aα. For proofs of all these statements, we refer to [3].
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